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Slides adapted from Justin Johnson’s Deep Learning for Computer Vision course 1



https://web.eecs.umich.edu/~justincj/teaching/eecs498/WI2022/
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Project 1—Reminder

Instructions and code available on the website
* Here: https://rpm-lab.qithub.io/CSCI5980-Spr23-DeepRob/projects/

projecti/

Uses Python, PyTorch and Google Colab

Implement KNN, linear SVM, and linear softmax classifiers

Autograder might be delayed!
Due Tuesday, February 7th 11:59 PM CT

L\,



https://rpm-lab.github.io/CSCI5980-Spr23-DeepRob/projects/project1/
https://rpm-lab.github.io/CSCI5980-Spr23-DeepRob/projects/project1/
https://rpm-lab.github.io/CSCI5980-Spr23-DeepRob/projects/project1/

DR

Quiz 2 was today

Quiz 3 will be on 02/07, coming Tuesday
Quiz 4 will be on 02/09, next Thursday
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Feature transform + Linear classifier
allows nonlinear decision boundaries

Original space
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Nonlinear classifier
In original space!
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Recap from Previous Lecture

0

O
y = (xZ + ),2)1/2 O
0 = tan~'(y/x) O
ﬁ @

Feature ' O
Transform

O

_ Linear classifier in

Feature space

feature space

Neural Networks as learnable feature

transforms

Feature Extraction

—

training

10 numbers giving
scores for classes

>

training

10 numbers giving
scores for classes




Recap from Previous Lecture

Linear classifier: One template per class
From linear classifiers to st oy omato

fully-connected networks

f(X) — W2 maX(O,Wlx + bl) + bz

[ Hidden Layer:

Output:10

Input:
3072

100

A
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Recap from Previous Lecture

Space Warping Universal approximation

From linear classifiers to N
fully-connected networks : OO i,
fx) = W, max(O,W,x + b,) + b, e e [{-\A /_X_\ X

Input: Nonconvex
X w, o h o w, S

3072

Output:10
Hidden Layer: uthu

100

LA\ 6

w1l[O, O]

0SS




DR
Problem: How to compute gradients?

s = W, max(0O,W,x + b,) + b, Nonlinear score function
Per-element data loss
L2 regularization

L(W,, W,, b;, b,) = Z L. +[AR(W,) + AR(W,) Total loss
i—1 Reqgularization term

5L oL 5L oL
If we can compute ——, ——, ——, —— then we can optimize with SGD
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(Bad) Idea: Derive Vy, L on paper

s = flx; W) = Wx Problem: Very tedious with lots
L= ) max(0,s;— s, + 1) of matrix calculus
I Problem: What if we want to
= Z max(0,W;. x — W, . x + 1) change the loss? E.g. use softmax
j#y,-N instead of SVM? Need to re-derive
1 from scratch. Not modular!
L=— Y L+1) W
N i=1 k Problem: Not feasible for very
] < complex models!
=3 Z max(0O,W;. x —W, .x+ 1)+ 41 Z Wy
i=1 j#y, k
l « ,
VL = VW(N Z Z max(O,W; . x—W, . x+1)+4 2 Wk>
=1 j#y; k

L\, 8
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Better ldea: Computational Graphs

s = Wx L, = Z max(0,s; — s, + 1)

A \ J7Y;

* — Hinge — + —_— |

loss

v e ]

R(W)



Deep Network (AlexNet)

10

B I SN NS - 3N

s 192 192 128 048 2048 \Jense

N
oo

: AN 13 13

[=n
w

5= 13 dense’| [dense

3 X 1000
192 192 128 Max

Max 128 Max UOO:D@
pooling pooling

2048 2048

224

Loss

Weights ——

Input image
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z X)q'
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Backpropagation: Simple Example

f(xa)’,Z) — (x+y)-z >®q’
e.g.x:—z,y:S,Z:—4 y S Af
; —4
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z XDQB

e.g.x:—Z,y:S,Z:—4 y S »1{12
; —4

1. Forward pass: Compute outputs

g=x+y [f=q-z

LA\, :
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z X)qB

e.g.x:—z,y:S,Z:—4 y S /X)fl2
; —4

1. Forward pass: Compute outputs

g=x+y [f=q-z
2. Backward pass: Compute derivatives

of of of

Want: —, —, —
0x dy 07

LA\ 14
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z XDQB
e.g.x:—Z,y:S,Z:—éL y S %)f12
1. Forward pass: z —4

Compute outputs

2. Backward pass: Compute derivatives @
of of o of
0x dy 07

LA\, :
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z XDQB
eg.x=—-2,y=5,z=—-4 y 5 —12

I
1. Forward pass: z —4

Compute outputs

2. Backward pass: Compute derivatives @
of of o of
0x dy 07

LA\, :
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z X)qB
eg.x=—-2,y=5,z=—-4 y 5 —12

) 1
1. Forward pass: Compute outputs i

2. Backward pass: Compute derivatives

of of of

Want: —, —, —
0x dy 07

LA\, :
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z XDQB
eg.x=—-2,y=5,z=—-4 y 5 —12

I
1. Forward pass: z —4

Compute outputs

2. Backward pass: Compute derivatives of

of of of

Want: —, —, —
0x dy 07

LA\, :




DR

Backpropagation: Simple Example

f(x,y,z)=(x+y)-z X)qB
eg.x=—-2,y=5,z=—-4 y 5 —12

I
1. Forward pass: z —4

Compute outputs

2. Backward pass: Compute derivatives of
of of o —
Want: _fa _f9 _f
0x dy 07

LA\, :
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Backpropagation: Simple Example

f(X,y,Z) — (x+y)-z
eg.x=—2,y=5,z=—-4

1. Forward pass: Compute outputs

2. Backward pass: Compute derivatives

of of of

Want: —, —, —
0x dy 07

LA\, .
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Backpropagation: Simple Example

X —2
f(x,y,z)=(x+y)-z X)qB
eg.x=—-2,y=5,z=—-4 y 5 f—12
[
1. Forward pass: Compute outputs : _34
2. Backward pass: Compute derivatives of
of of o —
Want: —f, —f, —f 0q
0x dy 07

LA\, :



DR

Backpropagation: Simple Example

X —2
f(x,y,z)=(x+y)-z >@q3
eg.x=—-2,y=5,z=—-4 y 5 f—12
[
1. Forward pass: Compute outputs : _34
2. Backward pass: Compute derivatives of
of of o —
Want: —f, —f, —f 0q
0x dy 07

LA\, .
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Backpropagation: Simple Example

f(X,y,Z) — (x+y)-z
eg.x=—2,y=5,z=—-4

1. Forward pass: Compute outputs

2. Backward pass: Compute derivatives

of of of

Want: —, —, —
0x dy 07

LA\,

X —2
y 3 —
, —4

3

23
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Backpropagation: Simple Example

f(x,y,z)=(x+y)-z >®qt3
eg.x=—-2,y=5,z=—-4 y S —4 —12

1. Forward pass: Compute outputs 3
q=x+y| f=q-z

2. Backward pass: Compute derivatives

of of of

Want: —, —, —
0x dy 07

LA\, .
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Backpropagation: Simple Example

f(X,y,Z) — (x+y)-z
eg.x=—2,y=5,z=—-4

1. Forward pass: Compute outputs
q=x+y| f=q-z

2. Backward pass: Compute derivatives

of of of

Want: —, —, —
0x dy 07

LA\, .
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Backpropagation: Simple Example

f(X,y,Z) — (x+y)-z
eg.x=—2,y=5,z=—-4

1. Forward pass: Compute outputs
q=x+y| f=q-z

2. Backward pass: Compute derivatives of 0q of
of of o — =
Want: _f, _f, _f dy 0y dq
0x dy 07 / AN

Downstream  Local Upstream
M Gradient Gradient Gradient

26
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Backpropagation: Simple Example

f(X,y,Z) — ()C +y) ' &
eg.x=—-2,y=5,z=—-4 —12
B
1. Forward pass: Compute outputs
F=a-
2. Backward pass: Compute derivatives of o of g
of of 0 — = — =1
Want: _f, _f, _f dy  dy dq 0y
0x dy 07 / AN

Downstream  Local Upstream
M Gradient Gradient Gradient

27
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Backpropagation: Simple Example

f(X,y,Z) — ()C +y) ' &
eg.x=—-2,y=5,z=—-4 —12
B
1. Forward pass: Compute outputs
F=a-
2. Backward pass: Compute derivatives of o of g
of of 0 — = — =1
Want: _f, _f, _f dy  dy dq 0y
0x dy 07 / AN

Downstream  Local Upstream
M Gradient Gradient Gradient

28



DR

Backpropagation: Simple Example

X —2
f(X,y,Z)=(X+}’)'Z q3
eg.x=—-2,y=5,z=—-4 y S —4 f—12
—4 % b
|
1. Forward pass: Compute outputs i _34
r=a-:
2. Backward pass: Compute derivatives of 0q of 0q
= — =1
Wan't a_f, a_f, a_f O0x 0x aq o0x
0x dy 07 / AN

Downstream  Local Upstream
M Gradient Gradient Gradient

29
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Backpropagation: Simple Example

X —2
f(X,y,Z)=(X+}’)'Z —4 q3
eg.x=—-2,y=5,z=—-4 y S —4 f—12
—4 % b
|
1. Forward pass: Compute outputs i _34
r=a-:
2. Backward pass: Compute derivatives of 0q of 0q
= — =1
Wan't a_f, a_f, a_f O0x 0x aq o0x
0x dy 07 / AN

Downstream  Local Upstream
M Gradient Gradient Gradient

30
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Local Properties of Backpropagation

X

\

e
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Local Properties of Backpropagation

L3\
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Local Properties of Backpropagation

\
0z | ‘Lo
AR
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Local Properties of Backpropagation

a 7 Upstream

Gradient
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Local Properties of Backpropagation

oL B 0z oL
ox  Ox 07

Downstream
Gradients

07
N Local
ay Gradients

OL 82 OL a 7 Upstream

—_— ——_——— Gradient

y  dy 07 3
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Local Properties of Backpropagation

Downstream aZ
Gradients Gr:cécsrllts oL
K_L: o oL Az et

y  dy 07 36
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o, w) ==

Another example

4 e~ Woxptwix;+w,)

37
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o, w) ==

w(

* -
X0

wl

Another example

4 e~ Woxptwix;+w,)

-* —
X1

w2

38



DR

o, w) ==

+ e~ (WpXo+wix+w,)

Another example

1. Forward pass: Compute outputs

39
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o, w) ==

w0 2.00

—2.00
* -
x0 —1.00

w1l —3.00

+ e~ (WpXo+wix+w,)

Another example

1. Forward pass: Compute outputs

40
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o, w) ==

w0 2.00

—2.00
* -
x0 —1.00

w1l —3.00

+ e~ (WpXo+wix+w,)

Another example

1. Forward pass: Compute outputs

2. Backward pass: Compute gradients

41
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Another example

f(x W) _ 1 1. Forward pass: Compute outputs
’ 1 + e—Wpxo+wix;+ws) |
w0 2.00 2. Backward pass: Compute gradients
-\ =2.00
x0 —1.00
) 4.00
w1l —3.00

Base Case

42
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o, w) ==

w0 2.00

+ e~ (WpXo+wix+w,)

Another example

1. Forward pass: Compute outputs

2. Backward pass: Compute gradients

Local Gradient

o1l 1
ox|x|  x2

1.37 _@ 0.73
1.00
Gradient
43

Gradient
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o, w) ==

w0 2.00

+ e~ (WpXo+wix+w,)

Another example

1. Forward pass: Compute outputs

2. Backward pass: Compute gradients

L\ —2.00
x0 —1.00 Local Gradient

0
—Ix+1] =1
0x

Gradient Gradient

44



DR

S, w) =

w0 2.00

1 +

Another example

1. Forward pass: Compute outputs

e —(WoXo+wix+w,) |
2. Backward pass: Compute gradients

Local Gradient

S
—let|l = e
ox

Gradient Gradient

45
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Another example

f(x W) _ 1 1. Forward pass: Compute outputs
’ 1 + e —(WoXo+wix+w,) |
w0 2.00 2. Backward pass: Compute gradients
—2.00
* -
<0 D() Local Gradient
) 4.00
w1l —3.00
D@ — 1.37 0.73
— +7 }—— .@ A
S O—o.ss 1.00
w2 —3.00

Gradient Gradient

46
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Another example

f(x W) _ 1 1. Forward pass: Compute outputs
—(w0x0+w1x1+w2)
w0 2.00 2. Backward pass: Compute gradients
~2.00
0 —1.00 Local Gradient
400 0 +y| =1 0 +
0.20 ox dy

w1l —3.00

;o>® N\ L00 |4 O 0.37 @ 1.37 _@0_.73
0.20 ~0.20 ~0.53 ~0.53 1.00

0.20
M Gradient Gradient

47
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Another example

1 .
f(x, W) _ 1. Forward pass: Compute outputs

1 + e —WoXo+wix+wy)
w0 2.00 2. Backward pass: Compute gradients

Local Gradient

w1l —3.00 :
— 1 00 1.00 0.37 1.37 V]
\ (a2 (F) TR
T O 20 0.20 —0.53 —(0.53 1.00
w2 —3.00

0.20
Gradient Gradient

48
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Another example

f(x W) — 1 1. Forward pass: Compute outputs
’ e —WoXo+wix+w»)

2. Backward pass: Compute gradients

Local Gradient

B . :
a[ ] a[ ]
ownstream ' : —lx-yl =y —|x-y| =
. + }—
Gradient ax a
w1l —3.00 0.20 Y
AR AL ALY 1.00 ~1.00 037 1.37 0.73
0.20 0.20 —0.53 —0.53 1.00
w2 —3.00 Upstream
0.20 Gradient
I\ .
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Another example

f(x W) _ 1 1. Forward pass: Compute outputs
’ e —(WoXotwix+w)) | |
W0 2.00 2. Backward pass: Compute gradients
~0.20
-\ =2.00
«0 —1.00 0.20 Local Gradient
0 0
0.39 A 4.1[.00 N [x . y] =Yy _ [x . y] —
0.20 0x 0y

10() Q 1.00 O 0.37 _@ ﬁ1.37 _@(1.73
O 20 0.20 —0.53 —0.53 1.00

-
Gradient
w2 —3.00 Upstream
0.20 Gradient
L\ .
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Another example

f(x W) _ 1 1. Forward pass: Compute outputs
’ 1 + e—(Wpxo+wix;+w,)

2. Back d : Compute gradients
_().%

—2.00

x0 —1.00 0.20 1 Computational graph is not
o(x) = unique: we can use primitives
Il + e=* that have simple local gradients

Sigmoid

—tl.oo _@ _[0.37 _@ ﬁ1.37
—0.20 —0.53 —(0.53

51
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Another example

f(x W) _ 1. Forward pass: Compute outputs
’ 1 + e—(Wpxo+wix;+w,) > Boackerard - ]
. Backward pass: Compute gradients
w0 2.00 — G(WOXO 4 WX + Wz) P pute g
—0.20 500
* -
x0 —1.00 0.20 1 Computational graph is not
0.39 4.00 G(X) = unique: we can use primitives
+ = Il + e=* that have simple local gradients
w1 —3.00 el
_03@ o0 1.00 Slgm01I6010 0.37 1.37 0.73
) 0.20 : ~1 exp): .@ L. -
X 3'(5)(; 0.20 —0.20 @ —0.53 0.53 1.00

w2 —3.00
0.20

Sigmoid local 9 _ e fl+er -1 I _ 1
M gradient: 0x [G(X)] - (1 + e=)? - ( l +e* ) ( I + e—x> = (1 =ox)ox) 52
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Another example

f(x W) _ 1. Forward pass: Compute outputs
| I T e_(WOXO+WIXI+W2) 2. Back d C t dient
. DACKWAr dSS:. Lompute gradients
w0 2.00 — G(WOXO 4 WX + Wz) P pute g
—0.20 ~9.00
o -
x0 —1.00 0.20 1 Computational graph is not
0.39 4.00 G(X) = unique: we can use primitives
+ )} Il + e=* that have simple local gradients
w1 —3.00 et
_03@ o0 Sigmoid
o 2y ~1.00 0.37 1.37
) 0.20 . 25 .@ i
x1 —249 —0.20 @ —0.53 —0.53
—0.59
o 3 00 [Downstream|=[Local]-[Upstream]
0.20 =(1—=0.73) - 0.73-1.00=0.20

Sigmoid local 9 _ e fl+er -1 I _ 1
M gradient: o [G(X)l T+ _< [ +es )(1+e—x> = —ow)elr)
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Patterns in Gradient Flow

add gate: gradient distributor

3
2 O\

ot=

2

54
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Patterns in Gradient Flow

add gate: gradient distributor

3

2 O\
ots
2

copy gate: gradient adder
7

7 / 4 »
4+7=6 O\ 7

2
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Patterns in Gradient Flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 O\ . 5¥3=15 \ .
2 2*5=10

copy gate: gradient adder
7

4+7=6 O\ 7

2
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Patterns in Gradient Flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 O\ . 5¥3=15 \ .
2 2*5=10
copy gate: gradient adder max gate: gradient router
7 4

4 ' 0 O\
: :
A4+2=6 7/ 5 / 9
9

2
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Backprop Implementation: “Flat” gradient code

def f(wd, x0, wl, x1, w2):

Forward pass: 50 = W0 * X0
sl = wl % x1

0.40

w0 2.00 Compute outputs
-0.20 5 00 s2 = s@ + sl
* toéo s3 = s2 + w2
x0 -1.00 L = sigmoid(s3)
+

0.20

58
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Backprop Implementation: “Flat” gradient code

def f(wd, x0, wl, x1, w2):

Forward pass: S0 = w0 x0

1 1 1
w0 200 Compute outputs SL T WL oE X
s2 s@® + si

s3 s2 + w2

x0

L = sigmoid(s3)

0.40

wl grad_L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

x1

w2 -3.00
0.20

Backward pass:
Compute gradients

grad_s2 = grad_s3

grad_s@
grad_sl
grad_wl
grad_x1
grad_wo
grad_x0

grad_s?2
grad_s2
grad_sl
grad_sl
grad_s@
grad_so

59
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Backprop Implementation: “Flat” gradient code

def f(wd, x0, wl, x1, w2):

Forward pass: S0 = w0 x0

1 1 1

w0 2.00 Compute outputs 22 ‘;’0 j :1
-2.00

" 020 s3 s2 + w2

x0
0.40

wl

x1

w2 -3.00
0.20

Backward pass:
Compute gradients

L = sigmoid(s3)

Base case

grad_s3
grad_w?2
grad_s2
grad_s@
grad_sl
grad_wl
grad_x1
grad_wo
grad_x0

grad_L * (1 - L) * L

grad_s3
grad_s3
grad_s?2
grad_s2
grad_sl
grad_sl
grad_s@
grad_so

* X1
* wl
* X0
* w0

60
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Backprop Implementation: “Flat” gradient code

w0 2.00
-2.00
0.20
x0
0.40
4.00
0.20
wl -3.00
6.00
0.20
x1
-0.60
w2 -3.00
0.20

Forward pass:

Compute outputs

Sigmoid

Backward pass:
Compute gradients

def f(wd, x0, wl, x1, w2):

L = sigmoid(s3)

grad_s3 = grad_L * (1 - L) * L

grad_L = 1.0

grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s@ = grad_s2
grad_sl = grad_s2
grad_wl = grad_sl
grad_x1 = grad_sl
grad_w@ = grad_s@
grad_x0 = grad_s@

* X1
* wl
* X0
* w0

61
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Backprop Implementation: “Flat” gradient code

def f(wd, x0, wl, x1, w2):

Forward pass: 50 = W0 * X0

1 = wl 1
w0 200 Compute outputs SL T WL oE X
s2 = s + sl

s3 = s2 + w2

3 =s2+w2
L = sigmoid(s3)

grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L

C)' grad_w2 = grad_s3
Q Add grad_s2 = grad_s3

grad_s@ = grad_s2

grad_sl = grad_s2
grad_wl = grad_sl x x1

grad_x1 = grad_sl x wl
grad_w@ = grad_s@ * x0
grad_x0 = grad_s@ x w@

Backward pass:
Compute gradients -
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Backprop Implementation: “Flat” gradient code

def f(wd, x0, wl, x1, w2):

Forward pass:

SO = wd *x x0

sl = wl x x1
w0 2.00 Compute outputs
-0.20 s2 = s0@ + sl
6 S3 = S2 + w2
x0 -1.00 L = sigmoid(s3)
0.40
0 4.00
0.20
wl -3.00 grad_L = 1.0
-0.40 grad_s3 = grad_L * (1 - L) * L
6 _1.00 @ grad_w2 = grad_s3
x1 -3(()8 0.20 grad_s2 = grad_s3
-U.0
grad_s@ = grad_s2
Add _
a0 grad_sl = grad_s2
o0 grad_wl = grad_sl *x x1

Backward pass:
Compute gradients

grad_x1 = grad_sl x wl
grad_w@ = grad_s@ * x0
grad_x0 = grad_s@ x w@

63
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Backprop Implementation: “Flat” gradient code

def f(wd, x0, wl, x1, w2):

Forward pass:
STowiea

1 = wl 1
w0 200 Compute outputs 2sve X
s2 = s + sl

s3 = s2 + w2

x0

L = sigmoid(s3)

0.40

grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

grad_s2 = grad_s3
grad_s@ = grad_s2

grad_sl = grad_s2

: grad_wl = grad_sl * x1
0.20
MUItlply grad_x1 = grad_sl x wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s@ x w@

Backward pass:
Compute gradients “
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Backprop Implementation: “Flat” gradient code

def f(wd, x0, wl, x1, w2):
Forward pass:

Compute outputs | °+ =¥+ *
52 s@ + sl

s3 s2 + w2

L = sigmoid(s3)

grad_L = 1.0
grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

grad_s2 = grad_s3
grad_s@ = grad_s2
grad_sl = grad_s2
grad_wl = grad_sl x x1

0.20

grad_x1 = grad_sl x wl

_ grad_w@ = grad_s@ x x0
Muliply
Backward pass:
Compute gradients .
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“Flat” Backprop: Do this for Project 1 & 2

Forward pass: Backward pass:

Compute outputs Compute gradients
BAFH AT R A T S S S H EHE HH EE H A , , m— , ,
4 TODO P BB R R R R R R R R SRR R R R
# Implement a vectorized version of the structured SVM loss, storing the # TODO: , _ _
4 result in loss . 4 Implement a vectorized version of the gradient for the structured SVM
BUHBRBR BB BB BB BREREBRBR R BRBERERR BB YRR BRURR ARG RRGRRIR U RIRG BRI loss, storing the result in dW.

# Replace "pass" statement with your code
num_classes = W.shape[1]

num_train = X.shapel0] 1
4 0SS.

Hint: Instead of computing the gradient from scratch, it may be easier
to reuse some of the intermediate values that you used to compute the

score =

# # # # # ' R R ' '
corr®es class score = # ... ###”######f####?”######ﬁ#####d######ﬁ########################################
margin = # # Replace "pass" statement with your code

dmargins = # ...

dscores = # ...

dW = # ...

HAHHH R HH AR H AR Y BB BHBHEBHB B HEBF BB RSB R RAEH R R R Y 1)
it END OF YOUR CODE #
HAHBR R HHR TR BHB R BB G B HRG R R R R R R R R R R R G

data_loss = # .

reg_loss = # .

loss += data_loss + reg_loss

HABHUHREAR R G ARG BB ARG AR ER GRS B RN G RB n n PR ER U RU R U AR F R U R U R TR U AR R RE R R B HHR
i EnCLOF YOUR COubc #
HABHU ARG AR BB ARG S ARG AR GR B AR TR R AR ER B MR BB FRUBR R U AR R SR YRR BB U R R TR U R B BERERBAYR

s=Wx| L= max(0,s;—s, +1)
JEY;

N * —p NNy o —p

loss

w |7 -

R(W)
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DR
Backprop Implementation: Modular API

Graph (or Net) object (rough pseudo code)

class ComputationalGraph(object):

w0 2.00
-0.20 # i
~-2.00 |
* 020 def forward(inputs):
x0 -1.00
0.40 # 1. [pass 1nputs to 1nput gates...]

4,00

# 2. forward the computational graph:

wl

for gate in self.graph.nodes topologically sorted():

gate.forward()

x1

return loss # the final gate in the graph outputs the loss
def backward():

w2 -3.00
0.20 for gate in reversed(self.graph.nodes topologically sorted()):

gate.backward() # little piece of backprop (chain rule applied)

return 1nputs gradients
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DR

Example: PyTorch Autograd Functions

Y

(X,y,z are scalars)

LA\,

class Multiply(torch.autograd.Function):
@staticmethod
def forward(ctx, x, y):

ctx.save_for_backward(x, vy) <
Z = X X% Y
return z

@staticmethod

def backward(ctx, grad_z): <
X, Yy = ctx.saved_tensors

grad_ X =y % grad_z # dz/dx x dL/dz
grad_y = X %k grad_z # dz/dy x dL/dz

return grad_x, grad_y

Need to stash some
values for use in
backward

Upstream
gradient

Multiply upstream
and local gradients

68



DR

So far: backprop with scalars

What about vector-valued functions?

L\,



DR

Recap: Vector Derivatives

x€eERyeR

Regular derivative:

If x changes by a small
amount, how much
will y change?

LA\

70



DR

Recap: Vector Derivatives

x€eERyeR

Regular derivative:

0y
— € R
00X

If x changes by a small
amount, how much
will y change?

LA\

x € RY,y eR

Derivative is Gradient:

dy
— e RY,
00X

5,5
0x/; 0x;

For each element of x,
if it changes by a small
amount then how
much will y change?



DR

Recap: Vector Derivatives

x€eERyeR

Regular derivative:

0y
— € R
00X

If x changes by a small
amount, how much
will y change?

LA\

x € RY,y eR

Derivative is Gradient:

dy
e RV,
Ox

5,5
0x/; 0x;

For each element of x,
if it changes by a small
amount then how
much will y change?

x € RY,y € RM

Derivative is Jacobian:

ay = ]RNXM
Ox

ax/; i 6x,;
For each element of x, if it
changes by a small amount

then how much will each
element of y change?



DR

Backprop with Vectors

L3\




DR

Backprop with Vectors

| oss L still a scalar!

HE




DR

Backprop with Vectors

| oss L still a scalar!

HE

oL |"-

a 7 Upstream

Gradient

For each element of z, how
much does it influence L? 75



DR

Backprop with Vectors

Local Jacobians
(matrices)

| oss L still a scalar!

Upstream
aZ Gradient

For each element of z, how
much does it influence L? 76



DR
Backprop with Vectors

Dx LOC(?:];J%C;OGZI)anS Loss L still a scalar!

Matrix-vector
multiply

Downstream
Gradients

Upstream
aZ Gradient

For each element of z, how
much does it influence L? 77



DR

Backprop with Vectors

4D input x:

[ 1
[ -2
| 3
[ -

1

| ——

]
]
]

" f(x) = max(0,x)

(elementwise)

4D output y:
[ 1]

- [ 0]
- [ 3]
. [ 0]

/8



DR

Backprop with Vectors

4D input x:

| ——

[ 1
[-2 ]
[ 3]
[ -1]

f(x) = max(0,x)
(elementwise)

4D output y:
[ 1]

| -1] —— Upstream

gradient

79



DR

Backprop with Vectors

4D input x: 4D output y:
[ 1] [ 1]
[-2 ] " f(x) = max(0,x) - [ 0]
L 3] | (elementwise) L 3 ]
[ -1] [ O ]
[dy/dx] [dL/dy] 4D dL/dy:
[1000][4 ] | 4 ]
[0000][-1] [ -1] = Upstream

[O010][5 ] «—— [ 5] ~—— gradient
[0000][9 ] — [9 ] —




DR

Backprop with Vectors

4D input X: 4D output y:
[ 1] - [ 1]
[-2 ] " f(x) = max(0,x) - [ 0]

L 3 ] | (elementwise) L 3 ]
[ -1] [ O ]
4D dL/dx: [dy/dx] [dL/dy] 4D dL/dy:

[4] ~—— [1000][4]
[0] ——— [0000][-1] [ -1] = Upstream
[5] —— [0010][5] +~——— [5]——— sgradient
10— [oo00of{s] ~——1[9]——

L\,



DR

Backprop with Vectors

4D input X: 4D output y:
[1] —— [ 1] Jacobian is sparse: off-
[-2 ] £(x) = max(0,x) [ 0 ] diagonal entries all zero!
L3 ] | (elementwise) - 1 3]
[ -1] » - [ 0]

4D dL/dx: [dy/dx] [dL/dy] 4D dL/dy:

(4] ~— [1000][4 ]
(0] — [0000][-1] [ -1] = Upstream
[5] —— [0010][5] —— [ 5] —— egradient
[0 — [0000][9 ] — [ 9] —

L\, .




DR

Backprop with Vectors

4D input X: 4D output y:
[ 1 ] - [ 1] Jacobian is sparse: off-
i) , B 0 diagonal entries all zero!
[[ 3 ]] f(x) = max(0,x) { 3 } Never explicitly form
"I (elementwise) Jacobian; instead use
[ -1] [ 0] implicit multiplication
4D dL/dx: [dy/dx] [dL/dy] 4D dL/dy:
(4] - o —[4]
0] (a_L) B (6_) ’ if x; >0— [ -1] —— Upstream
(5] «— \ox/; Y7 | — [ 5] — gradient
0, otherwise
(0] - —[9] —

L\, .



DR

Backprop with Matrices (or Tensors)

. oss L still a scalar!

D, XM,
dL/dx always has the

\ same shape as x!
[P X M.

84



DR

Backprop with Matrices (or Tensors)

. oss L still a scalar!

D, XM,
dL/dx always has the

\ same shape as x!
[P X M.

aL I)ZXZWZ

Upstream
aZ Gradient

For each element of z, how
much does it influence L? 85



DR

Backprop with Matrices (or Tensors)

. oss L still a scalar!

D XXM Local Jacobians
: § (matrices) dL/dx always has the

\ same shape as x!
% (D, X M) x (D, x M) DZ X MZ
ox f

(Dy X My) X (D, XM,

Upstream
aZ Gradient

For each element of z, how
much does it influence L? 86



DR
Backprop with Matrices (or Tensors)

. oss L still a scalar!

D XXM Local Jacobians
: § (matrices) dL/dx always has the

Matrix-vector same shape as x!
0Z |(D,x M,) X (D, x M) DZ XM,
0Xx f

(D, X M,) X (D, X M,)

Downstream
Gradients

Upstream
aZ Gradient

For each element of z, how
much does it influence L? 87



DR

Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

[
[
[

W:
3
2
3

[IDxM]
2 1-1]
1 3 2]
2 1-2]

| Matrix Multiply y = xw

Yi,j = 2 XikWk,j

k

y: [NxM]
[-1-1 2 6]
[5 2 11 7]

88



DR

Example: Matrix Multiplication

X: [NxD]
[ 2 1 -3]
[-3 4 2]

dL/dx: [NxD]
[? ? ? ]

[IDxM]
2 1-1]
1 3 2]
2 1-2]

| Matrix Multiply y = xw

Yi,j = 2 XikWk,j

k

[ 2 ? ? ]

L\,

y: [NxM]
[-1-1 2 6]
[5 2 11 7]

dL/dy: [NxM]
| 2 3-3 9]
[-8 1 4 6]



DR
Example: Matrix Multiplication

[ y: [NxM] ]

D 1-1 2 6

[Xz‘['\ix_DB]] [V\;' [ZD 1“{'1] ‘| Matrix Multiply y = xw ~ [5 211 7]
i 2132 e . .

o [[ 3 2 1-2]] Vi Z:x"kwk'f dL/dy: [NxM]

k < [ 2 3-3 9]

dL/dx: [NxD] [-8 14 6]

[ ?2 2 ? ] Jacobians:

[(? ? ? ] dy/dx: [(NxD)x(NxM)]

dy/dw: [(DxM)x(NxM)]

For a neural net we may have
N=64, D=M=4096
Each Jacobian takes 256 GB of memory! Must
work with them implicitly!

LA\,
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DR
Example: Matrix Multiplication

y: [NxM]
| 1-1 2 6]
: [NxD w: [DxM] i . . i |
[[1 _3}] 132 1-1] Matrix Multiply y = xw [5 2 11 7]
- | [ 32 1-2] Yig Ex"kwk'] dL/dy: [NxM]
k - [ 2 3-3 9]
dL/dx: [NxD] [-8 14 6]
[ ; z ]4 Local Gradient Slice:
| 2 ? ? ] dy/dx, ,
[? 2 ? ?]
dL/dx, (2272 7]

= (dy/dx1,1) - (dL/dy)

L\, :




DR
Example: Matrix Multiplication

| [1]1 2 6

[[I\ix-Dzs]] [V\;' [szlMi] | Matrix Multiply y = xw ) [ 2 11 7]]

-3 4 2] [2132 Yij = zxi’kwk'j dL/dy: [NxM]
32 k < [23-39]

dL/dx: [NxD] [-8 14 6]

[[2] 2 2 ) Local Gradient Slice:

[ 22 7] dY/dx1,1

dL/dx, 4 sl Z z Z}

= (dy/dxl,l) - (dL/dy)

L\, .




DR
Example: Matrix Multiplication

-11-1 2 6

[I\ix?g]] [WE[ZDZIYQ] " Matrix Multiply y = xw ] [ 2 11 7]]
[-374°2] 21132 Yij = Z:xi'kwk’j dL/dy: [NxM]

[3]2 12 K : [ 2 3-3 9]
dL/dx: [NxD] [-8 14 6]
[ [ ]< Local Gradient Slice:
L2 2 7 dy/dxl,l
dL/Xm’l dy; 1/dxq 4 Z :': z}

= (dy/dx1,1) - (dL/dy)
Y11= X1 1Wp 1 T X1,W;5 1+ X13W3 4

L\, .




DR

Example: Matrix Multiplication

X: [NxD]

1-3]

(-3 4 2]

dL/dx: [NxD]

(2] 21,

[ 2 ? ? ]

dL/dx,

= (dy/dx1,1) - (dL/dy)

L\,

| Matrix Multiply y = xw

Yi,j = 2 XikWk,j

k

Local Gradient Slice:
dy/dx, 4

dyl,l/dxl,l ? ? ?]

[? 2 7? ?]

Y11= X19W11 T X15W;5 1+ X13W39
=> dyl,l/dxl,l =Wy 1

[1}-1 2 6]

|5 2 11 7]

dL/dy: [NxM]
[23-39]
(814 6]



DR
Example: Matrix Multiplication

| [-1}F1] 2 6]
x: [NxD]  w: [DxM] : . . B ,
[ 1 3] [321-1] Matrix Multiply y = xw [5 2 11 7]
(-3 4 2] [2 :Zl ° 3] Yij = Exi’kwk'f dL/dy: [NxM]
dL/d [ND][3 — : | 5146
X: [Nx
[-8 1 4 6]
[ z z ]4 Local Gradient Slice:
L2 2 7] dY/dXLl
dyi /dxy, [ 3]?]? 7
dL/dx; S %?? ?}

= (dy/dxl,l) - (dL/dy)

L\, .




DR

Example: Matrix Multiplication

dL/dx: [NxD]

(2] 21,

w: [DxM]

2
1
2

1-1]
3 2]
1-2]

[ ? ? ? ]

dL/dx, 4

= (dy/dX1,1) - (dL/dy)

L\,

| Matrix Multiply y = xw

Yi,j = 2 XikWk,j

k

Local Gradient Slice:
dy/del

dy,,/dx;, [3]?2]? ?]

[ 2?2 ? ?]

Y12 = X1 1Wq15 T X1 oW 5 + X1 3W35

[-1}-1] 2 6]

[5 2 11 7]

dL/dy: [NxM]
| 2 3-3 9]
[-8 1 4 6]



DR

Example: Matrix Multiplication

X: [NxD]

1-3]

(-3 4 2]

dL/dx: [NxD]

2]2 21,

w: [DxM]

| 3
| 2
[ 3

2

1
2

1-1]
3 2]
1-2]

[ ? ? ? ]

dL/dx;

= (dy/dxl,l) - (dL/dy)

L\,

| Matrix Multiply y = xw

Yi,j = z Xi,kWk,j

k

Local Gradient Slice:
dy/dx, ;

dy; ,/dx; 4 | 3 ? P ]

|22 7? 7?]

Y12 = X1 gWq2|T X1 ,W5 5 T X13W35
=> dy1,2/dX1,1 = Wi,

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 6]



DR

Example: Matrix Multiplication

x: [NxD]  w: [DxM] » | . -
2] 1-3] [32[1-1] Matrix Multiply y = xw
(34 2] [2132] Vi = Exi,kwk’j
[ 32 1-2] k
dL/dx: [NxD]
[ ; z 3 Local Gradient Slice:
[? 2 ? ] e
dyyo/dx;; [3 2]1-1

o, o [[? > 2 ?]]

= (dy/dx1,1) - (dL/dy)

L\,

-1-1 2 6]
(5 2 11 7]

dL/dy: [NxM]
[ 2 3-3 9]
[-8 14 6]



DR

Example: Matrix Multiplication

dL/dx: [NxD]

2?2 2]

[ 2?2 ? ]

dL/dx,

= (dy/dx1,1) - (dL/dy)

L\,

| Matrix Multiply y = xw

Yi,j = Z Xi,kWk,j

k

Local Gradient Slice:
dy/del

dy;,/dx;; [3 2 1-1]

[?]? ? ?]

Y21 =X31W11 T X53,W;5 1+ X;3W39



DR
Example: Matrix Multiplication

(1-1 2 6]

x: [NxD]  w: [DxM] . . . _ .
131 [3]2 1-1] Matrix Multiply y = xw [5]2 11 7]
[3 4 2] [2]13 2] Yij = Exi'kwk'f dL/dy: [NxM]
e (D! 132 1-2] k « [ 2 3-3 9]

X: [Nx [-8 1 4 6]
[ [ ]< Local Gradient Slice:
L2 7 2] dy/dxl,l

dy,,/dx;; [3 2 1-1

dL/dx; o [[@? ? ?]]
= (dy/dx1,1) - (dL/dy)

Y21=X31Wq11 T X53,W;5 1+ X53W39
=> dyz,l/dxl,l =0

L\,
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DR
Example: Matrix Multiplication

| 1-1 2 6
[[l\iX_D?)]] [V\;' [szlMi] | Matrix Multiply y = xw ’ [[5 2 11 7]]
(-3 4 2] [2132] Yij = Exi'kwk'f dL/dy: [NxM]

[ 3 2 1-2] k — (23139
dL/dx: [NxD] [-8 14 6]
[ [ ]< Local Gradient Slice:
[ 2?2 2 ] dy/dxl,l

dy,,/dx;; [3 2 1-1]

dL/dXLl [O‘O 0 OH

= (dy/dxl,l) - (dL/dy)

M 107




DR
Example: Matrix Multiplication

| [1-1 2 6]
x: [NxD] w: [DxM] . . . _ .
[ 1 3] [321-1] Matrix Multiply y = xw [5 2 11 7]
_ 213 2 L. = . .
(-3 4 2] | _ ] Vi ; Exl,kwk,] dL/dy: [NXM]
[ 32 1-2]
dL/dx: [NxD] : S
X: [Nx [-8 1 4 6]
[ z z ]4 Local Gradient Slice:
[ 22 7] dy/dXLl
[3 2 1-1]
dL/dx; (0000]

= (dy/dxl,l) - (dL/dy)

M 102




DR
Example: Matrix Multiplication

[-1-1 2 6]
x: [NxD] w: [DxM] . . . B .
[ L 3] 132 1 Matrix Multiply y = xw [5 2 11 7]
i 2132 = : -
(-3 4 2] | _] Vi ; Exl,kwk,] dL/dy: [NxM)
[ 3 2 1-2]
k — [[2.3-3 9]
dL/dx: [NxD] [-8 14 6]
[@ : z I Local Gradient Slice:
L2 7 7] dy/dXLl
(32 1-1]

= (dy/dxl,l) - (dL/dy)
= (Wl,:) ' (dl-/dyl,)
=3%2+2*3+1*(-3)+(-1)*9=0

M 103




DR
Example: Matrix Multiplication

| [[1-1 2 6]
x: [NxD] w: [DxM] . . . _ X
2131 [321-] Matrix Multiply y = xw [5 2 11 7]
. 2132 , = : :
[ 3 4 [ - ] yl:] z leka'] dL/dy [NXM]
(3213 -
—— [23-39]
dL/dx: [NxD] [-8 14 6]
[0 ? ? ] Local Gradient Slice:
[? 7 ] dy/dx; 3
[0 00 O]
dL/dX2’3 [‘3 ) 1_2‘]

= (dy/dx; ) - (dL/dy)

M 104




DR
Example: Matrix Multiplication

| [[1-1 2 6]
x: [NxD] w: [DxM] . . . _ X
2131 [321-] Matrix Multiply y = xw [5 2 11 7]
i 2132 , = : :
[ 3 4 [ - ] yl:] z leka'] dL/dy [NXM]
(3213 -
< [ 2 3-3 9]
dL/dx: [NxD] [|-8 1 4 6]]
[0 ? ? ] Local Gradient Slice:
[? 7 ] dy/dx; 3
[0 00 O]
dL/dX2’3 [‘3 ) 1_2‘]

= (dy/dx; 3) - (dL/dy)
= (ws ) - (dL/dy; )
= 3*%(-8) + 2*1 + 1*4 + (-2)*6 = -30

M 105




DR
Example: Matrix Multiplication

. [-1-1 2 6]
. [N x : |IDxM . : :
[Xi[l\l DB]] [V\; [2 1_1] Matrix Multiply y = xw - [5 211 7]
(-3 4 2] [213 2] --=zx-w-
132 1.2] Vi) 20, dL/dy: [NxM]
k . [ 2 3-3 9]
dL/dx: [NxD] (-8 14 6]
[0 16 -9 ]
[-24 9 -30]
dL/dx; ;

= (dy/dx; ) - (dL/dy)
= (Wj,:) ' (dL/dyl,)

M 106




DR
Example: Matrix Multiplication

. [-1-1 2 6]
x: [NxD] w: [DxM] i . . - i
2131 [321-1] Matrix Multiply y = xw [5 2 11 7]
_ 213 2 L. = . .
e { 3 5 1_2]] Vi le’kw’w dL/dy: [NxM]
e < [ 2 3-3 9]
dL/dx: [NxD] [-8 14 6]
| O 16 -9 ]4
[-24 9 -30] dL/dx = (dL/dy) w'
[N x D] [INxM] [MxD] Easy way to remember:
dL/dXi,j It’s the only way the
= (dy/dx;;) - (dL/dy) shapes work out!

= (Wj,:) ' (dL/dyl,)

M 107




DR
Example: Matrix Multiplication

. -1-1 2 6]
- [NxD w: [DxM] . . . i [
[XZ[]_X_3]] 132 1-1] Matrix Multiply y = xw [5 2 11 7]
. 2132 R . .
o { 32 1-2]] YL zx"kwk” dL/dy: [NxM]
e < [ 2 3-39]
?L({d);e;[N-);D} [-8 14 6]
[-24 9 -30] dL/dx = (dL/dy) wT'
[N'x D] [NxM] [MxD] Easy way to remember:
It’s the only way the
dL/dw = W7 (dL/dy) shapes work out!

IDx M] [Dx N] [N x M]

\M’ 108




DR

Backpropagation: Another View

f f f f
XX — = X = X3~
DO Dl DZ D3

oL 0x1\ (0X5\ [(0X3

Chain —
rU|e axO

(

0

)

0x;

)(

0x;

) (=)

L

scalar



DR

Backpropagation: Another View

f) f, iox,_fo L

XO—>X1_>X2—> e ———

D, D, D, D, scalar

Matrix multiplication is associative: we can compute products in any order

o DL _ (51) (Oy) (0) 0L
rule 0x, 0xy/ \0x,/ \0x,/ \0X5

[DgxD,] [D;xD,] [D, x D;] [Dg]



DR

Reverse-Mode Automatic Differentiation

f) f, iox,_fo L

XO—>X1_>X2—> e ———

D, D, D, D, scalar

Matrix multiplication is associative: we can compute products in any order
Computing products right-to-left avoids matrix-matrix products; only needs matrix-vector

—

o DL (5) (Oy) (0x) (0L
rule 0x, 0xy/ \0x,/ \0x,/ \0X5

[DgxD,] [D;xD,] [D, x D3] [Dg]

LA\



DR

Reverse-Mode Automatic Differentiation

Matrix multiplication is associative: we can compute products in any order
Computing products right-to-left avoids matrix-matrix products; only needs matrix-vector

—

A LAY A YA
rule 0x, 0x,/ \0x;/ \0x,/ \0x;

[Dg x Dy] [D; xD,] [D, x D3] [Ds]

LA\



DR

Reverse-Mode Automatic Differentiation

Matrix multiplication is associative: we can compute products in any order
Computing products right-to-left avoids matrix-matrix products; only needs matrix-vector

—

. oL (axl) (8x2) (axB) ( oL ) What if we want
_— | —— — || —— ——— | grads of scalar
rule axo axo axl axz ax3 input w/respect

to vector

LA\



DR

Forward-Mode Automatic Differentiation

f f f
XO—2>X1—3>X2;>X3

scalar D, D, D, D,

e O3 _ (O30) (O (03 0
e ga \da/\dx,/ \0x;/ \0x,

[D,] [DyxD,] [D;xD,] [D,xD,]

LA\



DR

Forward-Mode Automatic Differentiation

f f f f
a _ 1 Xg__ 2 Xy 3 X4 Xg

scalar D, D, D, D,

Computing products left-to-right avoids matrix-matrix products; only needs matrix-vector

—

e O _ (OF0) (0 (91) 0%
e ga \da/\dx,/ \0x;/ \0x,

Dol [DyxD,] [D;xD,] [D, x Ds]

LA\



DR
Summary

During the backward pass, each node in
the graph receives upstream gradients
and multiplies them by local gradients to
compute downstream gradients

\‘ @ s(scores); R _— @
v | o ? = o792
N

~S Oy
R(W) Downstream 2 Oz f 4
gradients 0z ‘ 37,

> — Local

a : —_—
Forward pass computes outputs % Y | gradients 3,
0% —— Upstream

< : = /qJ 0% gradient
Backward pass computes gradients

Represent complex expressions
as computational graphs

f=Wez| |Li=)_;, max(0,s; — sy, + 1)

&<




DR

Backprop can be implemented with “flat” code
where the backward pass looks like forward pass

reversed

SO = wo
sl = wl
s2 = s0
s3 = s2

*
*
+

-~

X0
x1
sl
w2

L = sigmoid(s3)

grad_L * (1 - L) * L

def f(wd, x0, wl, x1, w2):

grad_L = 1.0

grad_s3 =

grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s@ = grad_s?2
grad_sl = grad_s2
grad_wl = grad_sl x x1
grad_x1 = grad_s1l * wl
grad_w@ = grad_s@ x x0
grad_x0 = grad_s0 x w@

Summary

Backprop can be implemented with a modular API,
as a set of paired forward/backward functions

class Multiply(torch.autograd.Function):
@staticmethod
def forward(ctx, x, y):
ctx.save_for_backward(x, vy)
Z = X %YV
return z
@staticmethod
def backward(ctx, grad_z):
X, Yy = ctx.saved_tensors
# dz/dx *x dL/dz
# dz/dy *x dL/dz

grad_X =y *x grad_z
grad_y = X * grad_z

return grad_x, grad_y

117



Summary

~" Mugscore

Mug template
Sugar Pixel ot B
Score (11, 11, 0) = WA

increases
this way

T o Problem: So far our classifiers don’t
D respect the spatial structure of images!

Stretch pixels into column

— | 56
IR o 02 | -05 | 01 | 2.0 1.1 -96.8
LA™ 231
| 15 | 1.3 | 21 | 00 4 | 32 437.9
| 24
. 0 [025| 02 | -03 -1.2 61.95
Input image >
(4,)
(3))

Output:10
Hidden Layer:
100

Input:
3072




DR

Next time: Convolutional Neural Networks
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