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Course Logistics

e Quiz 3 was posted yesterday and was due at noon today.
 Project 2 was posted on 02/05 and will be due 02/12 (tonight).
 Project 3 will be posted today (02/12) and will be due on 02/19.

e An announcement will be made when we release It.

 Any questions on the late day tokens?
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Today'’s lecture

reviously

Any point on the endeffector can be transformed to its Iogation in the world

Decision : Motion u System/

Making Control i Plant

Perception
ervat

Object seeking FSM

How to implement state? How to detect “close enough”?

De Examples?

spectrum

| g‘ DELIBERATIVE
o W

s

REACTIVE : i:‘ DELIBERATIVE REACTIVE

=

close enough to

COMPL_Q&Q Purely Symbolic ; Reflexive i Purely Symbolic Go to yellow ball yellow ball Goto
Adaptive ' Cheaper green/orange
Opti.moi SPEED OF RESPONSE & More robust
Slower Forgetful close enough to
close enough to
| - PREDICTIVE CAPABILITIES . O/6 marker G/O marker
Requires DEPENDENCE ON ACCURATE, COMPLETE WORLD MCDELS Requires a
comPLeI:e model - comPLeEe desigh

Goto Goto

<
orange/green close enough to pink marker
pink marker

of the world | Representation-dependent
Slower response

High-level intelligence {cognitive)
Variable latency

Representation-free of the probl.em
Real-time response
Low-level intelligence
Simple computation

DA CSCI 5551 - Spring 2025 3



PID Control
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Slide borrowed from Michigan Robotics autorob.org
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PID Control

za(t)
Proportional-Integral-Derivative +
C | Plant / I o0, e(t)
ontro »| Process >

Sum of different responses to

P Ke(t) |«
error u(t)

+
Based on the mass spring and VIR e
damper system rt "
. de(t)
Feedback correction based on D K.
the current error, past error, and
predicted future error
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PID Control

a:d(t)
T +
5| Plant / (t); e(t)
Error signal: Process I
B(t) — ddesired (t) — ZE(t) u(t) P Ke(t) j=
\ +
Control signal: .
L de(t)
d D K.
u(t) = Kpe(t) + KZ/ e(a)da + Kd£e(t) .
0
| Ke(t)l |1 K/ I D Kddd—f)l
Current Past Future
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Consider PID wrt. state over time

Time
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State

Desired State
(Setpoint)

. x; Current State

time=0 time=t Time
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State

Desired State
(Setpoint)

Xd
€t — Xd-Xt | P Ke(t) I
Xt
Spring error a applies force
Qwarc{s esired
X0
time=0 time=t Time
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State

Desired State
(Setpoint)

€t — Xd-Xt

Integral iterm adds force
until ierror is zero

time=0 time=t Time
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State

Desired State

(Setpoint)
Xd
€t — Xd-Xt
Xt
1 Kije(f)d’fl Sum c:wf all Ems% error
Inteqrali berm adds force
unkili error is zero
X0 5
time=0 time=t Time
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State

Desired State
(Setpoint)

— Xd-Xt

Derivative term applies to
rate of change of error

time=0 time=t Time
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State

Desired State
(Setpoint)

Xd
— Xd-Xit
A e = B .
Dampiﬂg opposes m@o&mv\
and releases ehergy ececq=deldt |
) s som———
time=0 time=t Time
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State e a't "'. .Setpomt a St | | :
+ _Acceptable stablllty and medlum fastness (good compromise)
Bl ] /1 - | ; |
’/ ’ : I W I:Deswed State
A | - — ] ~ (Setpoint)
Xd - — 4
- - |
|
0. C&T XeXe A T -
|
. | s

bamp&kf\g} opposes 'mahmm ,j

0. Lol releases @Mergj
XO. v a ® ® v . . . . 20
time=0 time=t Time
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--.:------Very félast response (goo|d), but ppor stability (bad):
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PID as a
spring and damper model
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PID Control

a:d(t)
T +
5| Plant / (t); e(t)
Error signal: Process I
e(t) — Ldesired (t) — ./If(t) u(t) o er(t) <
\ +
Control signal: .
L de(t)
d D K.=
u(t) = Kpe(t) + KZ/ e(a)da + Kd£e(t) Z
0
| Ke(t)l |1 K/ I D Kddd—f)l
Current
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Hooke’s Law

| P Ke(t) I

® Describes motion of mass spring
damper system as

F = —kx

AAAAAAAAA

“~

Robert Hooke
(1635-1703)
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Hooke’s Law

| P Ke(t) I

® Describes motion of mass spring
damper system as

NIy ©
ST
‘94 Y N S
o AR SO
SN e NS, X
LSV . 3 3 Cx R Y 0
b " . IR A -
- O o a2 R R
V- b A ¥ 4 e
b .

P < N V 4 ¢ SN
B o B’ )
X\

< |
4 .
I

nfm"ar: moving erMS Tdistance from
spring towards rest  stiffness  rest displacement
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2.1

e Reference
Kpe(t) overstiff (k=l6) T
- ﬁfﬁr e = 1.6
reasona ole (k=1.1)
1.1
Position —
0.6
———understitf (k=0.5)
0.1
E 1 & b 4 E § % & 5 glime
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PID Control

a:d(t)
Plant / o1 - ; e(t)
Error signal: »| Process I >
B(t) — ddesired (t) — ZE(t) u(t) P Ke(t) j=
\ +
Control signal: :
t
d dde(t)
u(t) = Kpe(t) + K, / c(a)dor + Ko elt) D K%
0
| P er(t) I I ki /Ote(oz)da. D Kddz_gt)l
Future
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Spring and Damper
|P Ke(t)l e

assuming constant set point,
velocity is derivative ofp error

~—._acd damper to
release energy
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Position

0.5

Kd=0.5 less damped \ reference signal |

\ Kd =2 more d&mpéd

w"“““’

Kp=1 Ki=1 Kd=1
moderate damping

Time

2 4 b 0 10 12 14 16 15 20
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PID Control

a:d(t)
: 5| Plant / e(t)
Error signal: Process I

e(t) — Ldesired (t) — il?(t) u(t) P Ke(t) |«
+ . |
Control signal: .
t d
u(t) = Kpe(l) + Ki /0 e(a)da + Ka—e(t)
|P Ke(t)l I Kz'/ote(a)da D dez—f)l
Past
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Steady state error

® Steady state error occurs when the system rests
at equilibrium before reaching desired state

® (Cause could be an significant external force, weak
motor, low proportional gain, etc.

® PID integral term compensates by accumulating
and acting against error toward convergence

gro\v&j :

10 15 20
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Position

0.5

Ki=2

very fast response, but poor stability

Kl 0.5

very stable, but slow response

4 b &
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Kp=1 Ki=1 Kd=1
acceptable stability and medium fastness

Time

10

I reference signal ‘

12 14 16 15 20
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Gain tuning

® |mplementing PID algorithm will not necessarily produce a good
controller

® Selection of the gains will greatly affect the performance of the
controller

® PID gain tuning is more of an art than a science. Choose carefully.

@e(t) + . / a)da —I- .
@ I K, /O e(a)dal. D K dzgt)
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Some tips to PID tuning

(take it or leave It)

Start all gains atzero : Ki= Ko =Kp =0

Increase spring gain Ky until system roughly meets desired state

* overshooting and oscillation about the desired state can be expected
Increase damping gain Kq until the system is consistently stable
 damping stabilizes motion, but system will have steady state error
Increase integral gain K; until the system consistently reaches desiread

Refine gains as needed to improve performance; Test from different states
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Inverse Kinematics
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Robot Kinematics

Goal: Given the structure of a
robot arm, compute

- Forward kinematics: infer the
pose of the end-effector, given the
state of each joint [

- Inverse kinematics: inferring the
joint states necessary to reach a
desired end-effector pose.
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Forward kinematics: many-to-one mapping of robot configuration to
reachable workspace endeftector poses

Global
(Frame w)

Find Fhis From bhese

Transform of endeffector
wrt. base

CSCI 5551 - Spring 2025

Endeffecto r
(Frame 6)
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Inverse kinematics: one-to-many mapping of workspace endeffector pose
to robot configuration

Global
(Frame w)

From Ehis  Fuad bhese

N 2
T6
Transform of endeffector 16
wrt. base Endeffector

(Frame 6)
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Global
(Frame w)

From Ehis  Fuad bhese

Transform of endeffector
wrt. base
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Endeffecto r
(Frame 6)
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Inverse Kinematics: 2 possibilites

* Closed-form solution: geometrically infer satistying configuration
o Speed.: solution often computed in constant time
* Predictabllity. solution Is selected in a consistent manner

* Solve by optimization: minimize error of endeftector to desired pose
e often some form of Gradient Descent (a la Jacobian Transpose)

* (Generality: same solver can be used for many different robots
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|_et's define IK
starting from FK
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Consider a planar 3-link arm as an example

Y2
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Consider a planar 3-link arm as an example

Y2

Yo

L

with 2 shown links with length a, ...
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Consider a planar 3-link arm as an example

Y2

L

with 3 links, 2 joints (O, 1), ...
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Consider a planar 3-link arm as an example

Y2

L

with 3 links, 2 joints (O, 1), coordinate frames at
each boay, and ...

M CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org


http://autorob.org

Consider a planar 3-link arm as an example

Robot configuration Y1

defined by DoF state g .
1

- 2 ahgular DOFs

q = [61,62]

\}OELME axes ouk

Lo
of plane

7/ / with 3 links, 2 joints (O, 1), coordinate frames at
ol each body, and configuration over DoFs
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Consider a planar 3-link arm as an example

:: PN ’
Vet e
. s
y g i
g
Ny, e
,\' \
' aN 0
El >
5

ANy
=, 7 .d
v
-
Ad
Y. (v, d
p
N
0 \
b L)
4

/ Add Endeffector

new Joink 2

Yo

L1

L

Remember a robot has N joint frames
and N+1 link frames
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Consider a planar 3-link arm as an example Frame 2 is the “tool frame”

:: N NS -
NS
y T

A\

TS

»IY ’ 3
W A

Robot endeffector is Yo g

the gripper pose In

world frame s R Cartestan DOFs

| P N OON - Pc —_ (PXOIPjO)

Endeffector pose T

has position 0% anad
can consider
orientation RO\

0

p With respect to Frame O

Endeffector defines
“tool frame” with

transform H=TO\ to -
world frame 2

/ p With respect to Frame 2 = (0, 0)

:'EO p 1 With respect to Frame 1
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Endeffector axes
“Sliding” axis

s

“Normal”
axis

“Approach” axis
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What are end-effectors?

https://www.tthk.ee/inlearcs/7-robot-end-of-arm-tooling/
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What are end-effectors?

https://www.tthk.ee/inlearcs/7-robot-end-of-arm-tooling/

DA\

~

-

Subtarget

Gripping .

~

Without this step, if the dough were of an elongated shape,
\ > —
Initial dough | Knife | Gripper | Press | Roller | Circle cutter | Pusher | Skin spatula | Filling spatula | Hook | Dumpling

Shi, Haochen, Huazhe Xu, Samuel Clarke, Yunzhu Li, and Jiajun Wu.

"RoboCook: Long-Horizon Elasto-Plastic Object Manipulation with Diverse Tools."
arXiv preprint arXiv:2306. 14447 (2023).

https://hshi74.github.io/robocook/
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https://www.youtube.com/watch?v=4HOGJAXokMg

Checkpoint: Transform
endeffector on link to world

w world
endeffectorlink4 endeffector

> >
tool world
frame frame
M/'ﬁ_f}ul\ CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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Checkpoint: Transform
endeffector on link to world

world world linkn

endeffector =T 7. “endeflector

~  endeffectorworld

endeffectorlink4
> >
tool world
frame frame
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Forward kinematics: "given configuration, compute endettector”

Y2 I2

Yo
A

Robot endeffector
'S the gripper pose
iINn world frame

2 Cartestan DOFs

ooy = Pc = (F’XO’PjO)

Robot configuration

. L1
defined by DoF state

2 ahgqular DOFs

q = [61,62]

- P .

L

7
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Forward kinematics: [0% Ro\] = f(q) p° = £(61,62)

Yo

Robot endeffector
'S the gripper pose
iINn world frame

2 Cartestan DOFs

ooy = F,o = (PXO’P:}C:’)

Robot configuration

. L1
defined by DoF state

2 ahgqular DOFs

q = [61,62]

L
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Forward kinematics: [0% RO\] = f(q) What is Fhe

2 Fosi&am and
orienkation of

the tool wrk,
the world?

L1

reweywber:

p’ =TT, p’

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

What are the elements What are the elements
of this matrix? of this vector?
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Forward kinematics: [0% RO\] = f(q) What is Fhe

reweywber:

cos (6 -

E 02)

Sin(91 it

- 07)

X £ ‘
Va4 - F‘.’QSL&LOM and

orienkation of

the tool wrk,
the world?

L1

- Sin(91 a1 92) ] 0O _ { What are the elements ]
cos(601 + 05) N

of this vector?
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Start wikh:
d>0 = R10d>1 + 470

substitute in variables then perform operations:

{60891 —sin@ll lagcosé’g} n lalcos&}

sinfly cost o S1Nnb- a1 S1nb
then substitute briq identities
cos(x + y) = cos(x)cos(y) — sin(x)sin(y)

sin(z +vy) = sin(x)cos(y) + cos(x)sin(y)
to qet:

What are the elements ]

of this vector?
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Forward kinematics: [0% RO\] = f(q)

cos(f1 -

e 02)

sin(01 i

- 07)

_sin(91 1 92) } 00 __
cos(61 + 07) N

CSCI 5551 - Spring 2025

|

L

a1 cos 81 + as cos(f1 + 6s) ]
a1 sin 01 + ao sin(61 + 65)
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Forward kinematics: [0% RO\] = f(q)

Yo

tool

world Tworld
— -1

endetffector T.: endeffector

endeffector™'® = T4 (9, . 65)endeffector™®
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Inverse kinematics: "given endeftector, compute configuration”
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Inverse kinematics: q = f-'([00RON])  [601,62] = {"‘%p")
Y2 L2

Just consider
endeffector
position for now

L
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Inverse kinematics: q = f-/([o% ROn])  [61,6:] = £2(0x,y)
2

Y1

| desired endeffector position
e e (09N) given as location x,y

L

7/) / /77/ lebts skart bfj solving ﬁfc::»r O
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Inverse kinematics: q = f-/([o% ROn])  [61,6:] = £2(0x,y)
Y2 L2

Yo

solve “ft;)‘l" 02

\ L ‘.'. = o
W% how can we infer this
/ supplemem%ary angle?
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Inverse kinematics: q = f-/([o% ROn])  [61,6:] = £2(0x,y)
Y2

e i.\i@. “’:Q‘l" 92,

Law of Cosmes

2 2 o\ §
: a +b° —c° ]
L1 i 7 = arccos ;
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Inverse kinematics: q = f-/([o% ROn])  [61,6:] = £2(0x,y)

Y2 L2
Yo
4
Y1 solve for 6;
L1
a2 +a? —x2— 2
—1, 1 2
r—0,=cos (— )
200

' ~~‘i/, Y solve nfc;n’ 01
L

7/)/}/// fp = Consider two triangles
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Inverse kinematics: q = f-/([o% ROn])  [61,6:] = £2(0x,y)

Y2 T2

Yo
A

Y1 solve for 6;

L1
vl a2 —+ a2 — x2 — y2
& s . - —1] 1 )
X027 p—6,=cosT (——=————)
4 V2 - 20{1052

. "
c‘/

solve for 6,

7777 e
I\
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Inverse kinematics: q = f-/([o% ROn])  [61,6:] = £2(0x,y)
Y2

Yo
A

solve for 63

a12+0522—x2—y2)

solve for 6,

in O

a1 + a9 cos by
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inverse kinematics: (01,02) = f-!(x,y)
Y2 L2

Yo

L1

s this the c;:-sr\i.fj
solukbion?

L
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elbow up

elbow down

AL
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elbow up

when s there one
solubion?

"~ elbow down
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Yo whein s there no

solution?
X2
1 % : 0 O
N e 2 S—
' - 0 ),
L0
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Yo whein s there no

solution?
X2
Gy "0y =0
2 =
P
L0
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SHALL Wt PLAY A GAME?

http://scratch.mit.edu/projects/ 10607750/

O % Instructions

- Steer blue arm
using up/down keys

O,

Touch the blue dot with the tip of the arm
as many times as you can in 60 seconds!

O

Touch this to start!
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How mwany solutions for this arm?

- ~ e
- ‘

2
unkinowing

Remember:

2 szb

cownskraints

1
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Inverse Kinematics: 2D

T(q1,...,q0) = H
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Inverse Kinematics: 2D

Tramsﬂform mfrc}m

£ endeffector frame
&“} wartd frame

d1 b

B 7= [ 0 1 ]

COM{:ESQ‘.&?&EEQ) T°(q1,- -, qn)

q: e o o
0n
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§ T

Inverse Kinematics: 2D

. .. _ &—Transform from

q = . | R o
g2 H_[O 1]

B \/ Closed {:Qrm solution 11 T12 O
Y1
3 '/é; T

Ol it
> e

I D
A

5 E

R

/ 14

Ry !

e\ X
Lo <
‘." /"/ 4, '
--. // _-:—’ R
oi® - - N
- - 9

03
R v

o
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>¢Q

. 7
o b
. T
PR
&2 - 7
o -\ 3
oo - P aw
- _ s
-t - %
- _ .
. _ .
Cag—- o
) 0,

Inverse Kinematics: 2D

&— Transform from
endeffector
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Inverse Kinematics: 3D

&— Transform from
\ endeffector

C’.owfigura&c}) T2(q1, - -+ qn)
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& DOF FOSL&&QM and
orientation of endeffector
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Inverse Kinematics: 3D

&— Transform from
endeffector

Configquration  T%q,...,qn)
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orientation of endebfector
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Note: the shoulder (prismatic joint) is mounted wrong.

S1 _02(040566 — 8486) — 8985Cg| T 01(340506 =

c1|—ca(cqcs86 -

= 3466) -l

s1|—ca(cqcs 86 -

S189d3 +

Stanford
Manipulator

c1|ca(cacsce — S48g) — S285¢6] — S1(S4C5C6 -

~ C486)

- C436)

—S9(c4ac5c6 — S48¢) — C255S6

- §95556

- §98556

— 51(—s4C556 -

- C4Cq)

+ c1(—8s4cC55¢6 -

— 6466)

sa(cacsS6 + S4ce) + c255S6
c1(cacass + sacs) —

s1(cocass + socs5) +

—852C4S55

515455
C15455

+ Cac5

c182d3 — s1da + dg(c1cacass + c1c552 — $15485)

c1do + d6(618485 + c2C48185 + C5S182)
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cad3 + dg(cocs — c45255)
assumes D-H frames
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Detect, pick, and place each character
A student project Michigan -
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RexArm from the above videos

Find: configuration
q =101 0> 03 04]

as robot joint angles
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Given:

Find: configuration
q = 1010 03 04]

as robot joint angles
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Given: Find: configuration

INK lengths (L4, L,Lz) q = 0102 03 04]

R,

N >~._as ropot joint angles
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Given: Find: configuration

ink lengths (L4,Ls,L2,L1) q = [61 02 03 04]

R,

~~>._as robot joint angles

endeffector position [xg yg Zg]/
wrt. base frame
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Given: Find: configuration

ink lengths (L4,Ls,L2,L1) q = [61 02 03 04]

R,

\ - -_as robot joint angles

endeffector orientation ¢
as angle wrt. plane |
centered at ogand |
parallel to ground plane |

endeftector position [Xg Vg Zg]
wrt. base frame
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overhead view

solve for 6,
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overhead view
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solve for 0,
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Decoupling: solve for 63
separate endeffector from
rest of the robot at last joint
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Decoupling: solve for 63
separate endeffector from
rest of the robot at last joint
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Decoupling: solve for 63
separate endeffector from
rest of the robot at last joint

rar  NA | and joint 1 from rest
i LA -
., of robot
o 2ol A “}"”"7-"“7 ol o T
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%i: a¥ an 2- (\r(} 5(3)

solve for 03 Az

Ar ' O1
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%i: AT YA (\(%, Yéj

solve for 03
(Law of cosines with
supplementary angle y)

YAV

Ar ' O1
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%i'f- a\mr\l (\f% Yc‘g)

- 2. L 2
cy By = vb% vAE =Ly Ly

ZLng

solve for 6; Az

Ar ' O7
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Q_E»;i:. a\'ox‘ql (\f?} \743)

2 2. X a 2
ey B = fb% vAE =Ly Ly
2L1L3
Az
solve “f(;)!‘ 02

(Law of cosines with angle ¥,
arctan with angle S)

Ar ' 071
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%i: ot a2 <\f3} 5(33
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N

ZLlL

solve for 6; Az

t H H = 3 B & & & B S A A A A A A EEEEm Il BN

§ 0<0 " Cumdmar |

two potential solutions
depending on elbow angle
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(Equilvalence relation for
adding angles from 2zp)
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b= dowen Ar ' O1

(Addition of angles in arm
plane starting from 2zo)

Slide borrowed from Michigan Robotics autorob.org

MMU]\ CSCI 5551 - Spring 2025



http://autorob.org

Why Closed Form!

® Advantages

® Speed: IK solution computed in constant time

® Predictability: consistency in selecting satisfying IK solution

® Disadvantage

® Generality: general form for arbitrary kinematics difficult to express
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Inverse Kinematics: 2 possibilites

* Closed-form solution: geometrically infer satistying configuration
o Speed.: solution often computed in constant time
* Predictabllity. solution Is selected in a consistent manner

* Solve by optimization: minimize error of endeftector to desired pose
e often some form of Gradient Descent (a la Jacobian Transpose)

* (Generality: same solver can be used for many different robots
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Inverse Kinematics continued ...
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