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Course Logistics

e Quiz 2 was posted yesterday and was due today at noon.

e Project 1 is due tonight (02/05) 11:59 pm CT.
 Project 2 will be posted today (02/05) and will be due on (02/12).

 Most of the content for FK is covered today.
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Previously

DA\

2D Translation

Consider a link for a 2D robot with a
box geometry of 4 vertices

Vectors express position of vertices
with respect to joint (at origin)

How to translate link geometry to

new location?
=xz+d,
y, =y +d,

M=R-1

Note the difference in behavior.

M

R

Link Geometry

Homogeneous Transform

defines SE(2): Special Euclidean Group 2

foo Houl | d Royxo daxi
= [iR10 Ru1j|dy] = 01 1

H 3
/_0 0 &l

H e SE(2) Raxo € SO(2) ‘daxi € R?

]: l RYR) R?d%+d(1’]
0 1

Alternatively, relat

transform from fra X2

20 = Ro0p2 4 4

where t |
R20 = R10R,1 Curren Frame 1: 01x1y]
d20 = R10d5!1 Rotation Matrix that will take a X1

point in current to the target frame

which can be observed by
transforms

-
Dok = |Rio Ru1 dy

Frame 0: ogx0y0
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2D Rotation

® Consider a link for a 2D robot with a 9
box geometry of 4 vertices

® Vectors express position of vertices
with respect to joint (at origin)

® How to rotate link geometry based
on movement of the joint?

' = x-cos(f) —y - sin(0)
y' =z -sin(f) + y - cos(0)

Roo Ro1 dy

Transformed frame
for link wrt. robot

0 0 1

robot
Probot = Lol Dlinie

Plink
Probot

robot frame

3D Homogeneous Transform

e g

_ |Rio Ri1 Ri2 _ |Raxz dsxi

H5= R Ra Ry d, ‘[olxs 1 ]ESE(3)
0 0 0 1

it 17 € SE(3)and T3 € SE(3) then composition holds:

RO d®1[RY dd] [ RORY R9d}+ df
0 1 o 1| | o 1

such that points in Frame 2 can be expressed in Frame 0 by:

p’ =17 T5p
- EEEEEEEEEEE——,




How do we define the
kKinematics of a robot”?
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How do we define the
kKinematics of a robot?

Traditionally: In recent years:
Denavit-Hartenberg URDF
Convention convention
CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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C || wiki.ros.org/urdf

& o —
‘XX
: : : Iq O S a o rq About | Support | Status | answers.ros.org Search: Submit

Documentation

Browse Software News

Download

urdf

electric  fuerte @ groovy hydro indigo m Documentation Status

robot model

Package Summary
.

This package contains a C++ parser for the Unified Robot Description Format (URDF),
which is an XML format for representing a robot model. The code API of the parser has
been through our review process and will remain backwards compatible in future releases.

« Maintainer status: maintained
« Maintainer: loan Sucan <isucan AT gmail DOT com>

« Author: loan Sucan
 License: BSD

« Bug / feature tracker: https://github.com/ros/robot_model/issues

. OAI (A F W W “:‘ L\“'\ﬂl II":*L‘\I IL\ I\l\mlv’\l\l'l\kl\‘ mf\Anl
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Package Links
Code API
Tutorials
Troubleshooting
FAQ
Changelog
Change List
Reviews

Dependencies (7)
Used by (4)
Jenkins jobs (12)

Wiki
Distributions
ROS/Installation
ROS/Tutorials
RecentChanges
urdf

Page
Immutable Page
Info

Attachments

<)

More Actions:

User

Login
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URDF: Unified Robot
Description Format
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URDF: Unified Robot

Description Format
® URDF defined by its implementation in

ROS (“Robot Operating System”™)

® ROS uses URDF to define the
kinematics of an articulated structure

® Kinematics represented as tree with
links as nodes, joint transforms as edges

® Amenable to matrix stack recursion

® URDF tree is specified through XML
with nested joint tags
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URDF: Unified Robot
Description Format

URDF defined by its implementation in
ROS (“Robot Operating System”™)

ROS uses URDF to define the
kinematics of an articulated structure

Kinematics represented as tree with
links as nodes, joint transforms as edges

Amenable to matrix stack recursion

URDF tree is specified through XML
with nested joint tags

<robot name="test robot">
<link name="1linkl" />
<link name="1link2" />
<link name="1ink3" />
<link name="link4" />

<joint name="jointl" type="continuous">
<parent link="1link1l"/>
<child 1link="1ink2"/>
<origin xyz="5 3 0" rpy="0 0 0" />
<axis xyz="-0.9 0.15 0" />

</joint>

<joint name="joint2" type="continuous">
<parent link="1linkl"/>
<child 1link="1ink3"/>
<origin xyz="-2 5 0" rpy="0 0 1.57" />
<axis xyz="-0.707 0.707 0" />

</joint>

<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />
</joint>
</robot>
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URDF Example

<robot name="test robot">
<link name="1linkl" />
<link name="1link2" />
<link name="1ink3" />
<link name="1link4" />

<joint name="jointl" type="continuous">
<parent link="linkl"/>
<child link="1link2"/>
<origin xyz="5 3 0" rpy="0 0 0" />
<axis xyz="-0.9 0.15 0" />

</joint>

<joint name="joint2" type="continuous">
<parent link="1linkl"/>
<child 1link="1ink3"/>
<origin xyz="-2 5 0" rpy="0 0 1.57" />
<axis xyz="-0.707 0.707 0" />

</joint>

<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />
</joint>
</robot>
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<robot name="test robot">

Starts with empty robot

</robot>
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Specifies robot links

link1

link2

link3

link4

CSCI 5551 - Spring 2025

<robot name="test robot">
<link name="1linkl" />
<link name="1link2" />
<link name="1ink3" />
<link name="1link4" />

</robot>
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http://autorob.org

Joints connect parent/
inboard links to child/
outboard links

link1

link2

)

link3

link4

CSCI 5551 - Spring 2025

<robot name="test robot">
<link name="1linkl" />
<link name="1link2" />
<link name="1ink3" />
<link name="1link4" />

<joint name="jointl" type="continuous">
<parent link="1linkl1l"/>
<child link="1link2"/>

</joint>

<joint name="joint2" type="continuous">
<parent link="1linkl"/>
<child link="1ink3"/>

</joint>

<joint name="joint3" type="continuous">

<parent link="1ink3"/>
<child link="1link4"/>

</joint>
</robot>
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Origin field specifies transform
parameters from parent to child frame

3D transform,
where “xyz” is
translation offset,
and “rpy’ is
rotational offset

% Link 4

Link 2

link4

Note: the illustration is not exactly
matched with the numerical values in the xml

<robot name="test robot">
<link name="1linkl" />
<link name="1link2" />
<link name="1ink3" />
<link name="1link4" />

<joint name="jointl" type="continuous">
<parent link="link1l"/>
<child 1link="1ink2"/>
<origin xyz="5 3 0" rpy="0 0 0" />

</joint>

<joint name="joint2" type="continuous'>
<parent link="linkl"/>
<child link="1ink3"/>
<origin xyz="-2 5 0" rpy="0 0 1.57" />

</joint>

<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />

</joint>
</robot>
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Origin field specifies transform riove | Ry 7 Zﬁ}
0 0 1 for link wrt. robot

parameters of child frame with to parent
frame

__ rrobot
Probot = Tlink Plink

robot frame

Remember this???
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<robot name="test robot">
<link name="1linkl" />

Axis field specifies DOF axis of motion <link name="link2" /=

Wlth respect to parent frame <link name="1link3" />
<link name="1link4" />

Can we translate
about an axis!

<joint name="jointl" type="continuous">
<parent link="linkl"/>
<child link="1link2"/>
<origin xyz="5 3 0" rpy="0 0 0" />
<axis xyz="-0.9 0.15 0" />

</joint>

Can we rotate about
an axis! Quaternions!

<joint name="joint2" type="continuous">
<parent link="1linkl"/>
<child 1link="1ink3"/>
<origin xyz="-2 5 0" rpy="0 0 1.57" />
<axis xyz="-0.707 0.707 0" />

</joint>

link4

<joint name="joint3" type="continuous">
Link 2 <parent link="1link3"/>

<child link="1link4"/>

<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />

. - </joint>
Note: the illustration is not exactly
matched with the numerical values in the xml < / robot>
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KinkEval:
Robot Description Overview
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// CREATE ROBOT STRUCTURE

V111171777777 7777777777777777777777/777777/7777777 robots/robot urdf example.js

/1777 DEFINE ROBOT AND LINKS
(1777777777777 7777777777777/

// create robot data object
robot = new Object(); // or just {} will create new object

// give the robot a name

robot.name = "urdf example";

// initialize start pose of robot in the world

robot.origin = {xyz: [0,0,0], rpy:[0,0,01};

// specify base 1link of the robot; robot.origin is transform of world to the robot base

"L ENKL" 3

robot .base

// specify and create data objects for the links of the robot
robot.links = {"1ankl1l™: {}, "1ink2": {}, "13ak3": {}, “1iokd": {} }:

P A TLASLLASLITSLATLLSLSLLTLLLLLTIL LTS LTI T SLL LSS
LIS DEFINE JOINTS AND KINEMATIC HIERARCHY

JLLLALLTLALLLELLLALTLALESLLELAT LTSI LLETA LTS L LS
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// CREATE ROBOT STRUCTURE

VL LLLL VL LA TLLLELLLT LS SLLALLS LTS LT TLTLALAT LTS LLL LA I”ObOtS/I”ObOt Lll”df examp|e jS
L LT DEFINE ROBOT AND LINKS — —

(L1 LLLLLALLLT LML LTSS AL LSS LS S

// create robot data object
robot = new Object(); // or just {} will create new object

// give the robot a name

robot.name = "urdf_ example"; <robot name="test robot'">

// initialize start pose of robot in the world

robot.origin = {xyz: [0,0,0], rpy:[0,0,0]}; Initial global position of robot

// specify base link of the robot; robot.origin is transform of world to the robot base

‘1inkl®;  Name of root link

robot .base

// specify and create data objects for the links of the robot

< o =|| 1" >
robot.links = {"link1": {}, "link2": {}, "link3": {}, "link4": {} }; ll.'nk name "linkl ) /
<link name="1link2" />
J1117777777777777777770777777777777777777777777777 <link name="1link3" />
///// DEFINE JOINTS AND KINEMATIC HIERARCHY <link name="1link4" />
LA ATTL A TLELLLLTLLALLLIS IS LA LLLT LTSS T LL LSS AL L LLLS
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Indexmg KinEval rObot object in JavaScrlpt
| robot.links[“1ink name”]

example to access the parent joint of “link2”: } |
throbot links[“1link2”]. parentv,f

<link name="linkl" />
<link name="1link2" />
<link name="1link3" />
<link name="link4" />
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// roll-pitch-yaw defined by ROS as corresponding to X-y-z b / b df I .
//http://wiki.ros.orqg/urdf/Tutorials/Create$20your$20own$20u robots/ro Ot_ur _examp e'ls
// specify and create data objects for the joints of the robot

bt-. ] t - y . . "o . " " . "
FOMEoRntE W <joint name= jointl" type= continuous >

<parent link="l1linkl"/>
robot.joints.jointl = {parent:"linkl", child:"1link2"}; <child link="1link2"/>

robot.joints.jointl.origin = {xyz: [0.5,0.3,0], rpy:[0,0,01}; <origin xyz="5 3 0" rpy="0 Q 0" />

robot.joints.jointl.axis = [-1.0,0.0,0); // simpler axis <axis xyz="-0.9 0.15 0" />
</joint>
robot.joints.joint2 = {parent:"linkl", child:"1link3"};
robot.joints.joint2.origin = {xyz: [-0.2,0.5,0], rpy:[0,0,1.57]}; Note: KinkEval made small change to example used on ros.org:
robot.joints.joint2.axis = [-0.707,0.707,0]; http://wiki.ros.org/urdf/Tutorials/Create % 20your % 200wn %20urdf%20file

robot.joints.joint3 = {parent:"link3", child:"1link4"};
robot. joints.joint3.origin = {xyz: [0.5,0,0], rpy:[0,0,-1.57]1};
robot. joints.joint3.axis = [0.707,-0.707,0];

LISLLLLL LS LSS LSS AL ST LALSLLSLLLLALAT LTI LSS LTS
///7// DEFINE LINK threejs GEOMETRIES

LA LLLELLLL LS LL TS LS L LTSS LSS LS LT LT LTSS LS

/* threejs geometry definition template, will be used by THREE.Mesh() to create threejs object

// create threejs geometry and insert into links geom data object
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// roll-pitch-yaw defined by ROS as corresponding to X-y-2z b / b df I .
//http://wiki.ros.org/urdf/Tutorials/Create$20your$20own$20u robots/ro Ot_ur _examp e'js
// specify and create data objects for the joints of the robot

bt-. ] t - y . . "o . " " . "
FOMEoRntE W <joint name= jointl" type= continuous >

<parent link="linkl"/>
robot.joints.jointl = {parent:"linkl", child:"1link2"}; <child link="1link2"/>

robot. joints.jointl.origin = {xyz: [0.5,0.3,0], rpy:[0,0,0]1}; <origin xyz=..5 3 0" rpy="0 Q0" />

<axis xyz="-0.9 0.15 0" />
</joint>

robot.joints.jointl.axis = [-1.0,0.0,0]; // simpler axis

robot.joints.joint2 = {parent:"linkl", child:"link3"};

robot. joints.joint2.origin = {xyz: [-0.2,0.5,0], Joint ' e

l* “parent” and “child” links
robot.joints.joint3 = {parent:"link3", child:"1lind® Iransform parameters for joint wrt. link frame
robot. joints.joint3.0origin = {xyz: [0.5,0,0], rpy: ‘“XYZ”IT(X,)’,Z)

robot.joints.joint3.axis [0.707,=0.707,0]; "‘rpy”: RX(I”O”), Ry(PitCh), Rz(yaw)

j* Joint“axis” of motion for DOF

LISLLLAL LS LSS LELSSALLLTLSTLALSLLL LT LLTLAT LTSS LAY i’[ g s o . y ’s
///// DEFINE LINK threejs GEOMETRIES {® type of|O|nt motion for DOF state angle

V1117117777777 77/77/77777/777777777//7777//7/7/777 ,i  “continuous’ for rotation without limits

robot.joints.joint2.axis = [-0.707,0.707,01];

e “revolute’ for rotation within limits
* “prismatic” for translation within limits ;

// create threejs geometry and insert into 115 ,J

/* threejs geometry definition template, will be;;
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<joint name="jointl" type="continuous'">
<parent link="1linkl"/>
<child link="1link2"/>
<origin xyz="5 3 0" rpy="0 0 0" />
<axis xyz="-0.9 0.15 0" />

</joint>

JavaScript Indexing: |
| robot.joilnts[“joint name”] |
' example to access the axis of “joint3”: |
| robot.joints[”“joint3”].axis |
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LLIIAS gooily LALOAL [.L0LAQlCULIAALD ( LCllPpoaAalo Malll.CL/ =),

*/

links geom["linkl"]
links geom["linkl"].

links geom|["link2"]

links geom["link2"].

links geom["1link3"].

links geom["link4"].

// define threejs geometries and associate with robot links

links geom = {};

links geom["1link3"] = new THREE.CubeGeometry( 0.5+0.2, 0.2, 0.2 );
applyMatrix( new THREE.Matrix4().makeTranslation(0.5/2, 0, 0) );

links geom["link4"] = new THREE.CubeGeometry( 0.5+0.2, 0.2, 0.2 );
applyMatrix( new THREE.Matrix4().makeTranslation(0.5/2, 0, 0) );

new THREE.CubeGeometry( 0.7+0.2, 0.5+0.2,
applyMatrix( new THREE.Matrix4().makeTranslation((0.5-0.2)/2, 0.5/2, 0) );

0.2 );

new THREE.CubeGeometry( 0.5+0.2, 0.2, 0.2 );
applyMatrix( new THREE.Matrix4().makeTranslation(0.5/2, 0, 0) );

robots/robot _urdf example.js

DA\

threejs geometries are associated with each link for visual rendering

(you should not need to worry about geometry or 3D rendering for FK, but is

important if you want to create your own robot description)

CSCI 5551 - Spring 2025
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Hierarchies of Transforms

each arrow IS a
matrix transform o

link2

child wrt. parent

link4

How to compose these matrices hierarchically
to compute transform wrt. world?

CSCI 5551 - Spring 2025
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Hierarchies of Transforms

<robot name="test robot"> Xyz:-250
<link name="1link1l" /> rpy: 0-0 0 \rpy: 0 -0 1.5

<l%nk name="l%nk2" /> URDF deflnes klnemathS Of a rObOt @ @

7

<link name="1link3" />
<link name="1link4" />

<joint name="jointl" type="continuous">
< t link="1inkl"/> " . S , :
<child link="link2"/> includes axis for each joint ink2 | | link3
<origin xyz—"5 30" rpy="0 0 0" />

<axis xyz="-0.9 0.15 0" />
</joint>

xyz: 500
rpy: 0 0 -1.57

link4

<joint name="joint2" type="continuous">
<parent link="1linkl"/>
<child 1link="1ink3"/>
<origin xyz—"—2 50" rpy="0 0 1.57" />
<axis xyz="-0.707 0.707 0" />

</joint>

<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />
</joint>
</robot>
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Hierarchies of Transforms

<robot name="test robot">
<link name="1linkl" /> " -
<link name-"link2" /> each axis is a DOF that can
<link name="1link3" />

<link name="1link4" /> t)EB rT]()\/EBCj t))/ Ei rT]C)tC)r

<joint name="jointl" type="continuous">
<parent link="1linkl"/> ink3
<child 1link="1ink2"/>
<origin xyz="5 3 0" rpy="0 0 0" />
<axis xyz="-0.9 0.15 0" /> xyz: 50 0
</joint> rpy: 0 0 -1.57
<joint name="joint2" type="continuous"> @
<parent link="1linkl"/>
<child 1link="1ink3"/>
<origin xyz="-2 5 0" rpy="0 0 1.57" />
<axis xyz="-0.707 0.707 0" /> .
</joint> link4
<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />
</joint>
</robot>
CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org


http://autorob.org

How to include joint movement i matrix stack?
How bo robtate aboub an axis?

<robot name="test robot">
<link name="1linkl" />
<link name="1link2" />
<link name="1link3" />
<link name="1link4" />

<joint name="jointl" type="continuous">
<parent link="1linkl"/>
<child 1link="1ink2"/>
<origin xyz="5 3 0" rpy="0 0 0" />
<axis xyz="-0.9 0.15 0" />

</joint>

<joint name="joint2" type="continuous">
<parent link="1linkl"/>
<child 1link="1ink3"/>
<origin xyz="-2 5 0" rpy="0 0 1.57" />
<axis xyz="-0.707 0.707 0" />

</joint>

<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />
</joint>
</robot>

link?2

link3

xyz: 500
rpy: 0 0 -1.57

link4

CSCI 5551 - Spring 2025

Slide borrowed from Michigan Robotics autorob.org


http://autorob.org

Matrix Stack Reloaded
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link2

lin

3

xyz: 500
rpy: 0 0 -1.57

‘ lin

n

Matrix Stack Reloaded

.,
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world

N i . o o )
. " > g
M P
() I | [ o
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'/- ' |
P Ko
| y
PCT IS GO TG W R VR BN - o
- gl

link2

link3

xyz: 500
rpy: 0 0-1.57

ink4 |

Matrix Stack Reloaded

Push top of matrix stack up one level

N

Dw [ *RwW| ™,
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link2

link3

xyz: 500
rpy: 0 0-1.57

‘ link4 ‘

Matrix Stack Reloaded

| >k DWI*RWI

Multiply by transform of base frame
wrt. world frame

.

Dw *Rw ‘ e N ,.

CSCI 5551 - Spring 2025
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world
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link2

mstack=

link3

xyz: 500
rpy: 0 0-1.57

‘ link4 ‘

Matrix Stack Reloaded

Dw *Rw,

Top of matrix stack is now base frame
posed wrt. the world frame

Dw I #Rw| ™

CSCI 5551 - Spring 2025
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world

link2

xyzﬁ530 xXyz:-250
rpy: 0 -0 0 \rpy: 0 -0 1.57

link3

xyz: 500
rpy: 0 0-1.57

| link4 |

Matrix Stack Reloaded

Dw *Rw,

Geometry vertices of link1 can now be
transformed into pose in the world frame

Link |

Dw/*Rw ™,
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world

mstack=

l

link1

Xyz:5 30\ xyz:-250

rpy: 0 -0 0 \rpy: 0 -0 1.57

link2

link3

xyz: 500
rpy: 0 0-1.57

| link4 |

DWI*RWI*DIZ*RIZ

Dw *Rw,

Traverse first child joint (joint1) of link1.
Push top of matrix stack one level.
Multiply by transform from base to joint1 (link2).

CSCI 5551 - Spring 2025

DWI*RW ‘ S

Liri«l
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world

l

mstack=

link2

link3

xyz: 500
rpy: 0 0-1.57

| link4 |

DWI*RWI*DIZ*RIZ

Dw *Rw,

Recursively, call a function to process joint

:\ .

Dw FRw | ™

CSCI 5551 - Spring 2025

Liri«l
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link2

link3

xyz: 500
rpy: 0 0-1.57

‘ link4 ‘

Assume

jc::-i;v\El LS pri;sma&c‘:

DWI*RWI*DIZ*RIZ

Dw *Rw,

How can we account for jointls

le*RW‘n _

CSCI 5551 - Spring 2025

mobiLon? S —

1

Liri«l

N
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link2

link3

xyz: 500
rpy: 0 0-1.57

‘ link4 ‘

also push transform due to motor DOF

Dw *Rw *D1,*R 15 2277
Dw *Rw,
|

What Eransform can account for
Jomﬁls ma&mm?

— —_— -, > —
a4 E oy FA o R -l IKG 2 Py - YTV . 2 i ro e — 4 — e

// jOlnt axis in parent frame |
,ro ot.joints[“jointl”].axis = [-0.9 0.15 0]; §

Lipi«|

Dw [ *Rw| ™
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Dw *Rw *DI,*R1,*D, I(C| )

xXyz:-250
1.5

rpy'o 100 \rpy: 0 -0 1.57 translatlon on unit |0|nt axis uy scaled by ]omt state q|

S ’ . /2 — e - -, A ',‘ = ey — > —
-2 e B AP -"? NV e = > - Sk oy - P b g 2 oo e ——

5// transform of jOlnt wrt. world i,
§ robot.joints[“jointl”].xform = //this matrix#§

- - < — PO -
e Ny . - 8 L=<~ . A - N - N o=

link2 link3

xyz: 500
rpy: 0 0-1.57

- ® !
\‘", .‘
e >
AN
N
K>
U

‘Ihk4‘
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world mwotor bransform affects outboard chain

l

mstack: DWI*RWI*DIZ*RIZ*DUI(CII)
Dw,*Rw,
|

Linkywerld=mstack™*Link;link2
:(Dw | >!<Rw | *D I Z*R I 2*Du | (q I))*LinkzlinkZ

xyz: 500 . —
rpy: 0 0 -1.57 & |_II I 2
Cloint3 N Lir«|
‘ link4 ‘
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world

l

global

xyzﬁS30 Xyz: -2
rpy: 0 -0 0 \rpy: O -0

)
LY
+ G
he
E o
f (]
8 @ @
9
'l
\)
A

link2

mstack=

50
1.57

link3

xyz: 500
rpy: 0 0 -1.57

| link4 |

F’OP.

Dw *Rw,

Pop off top level of matrix stack.
Recursion: pop implicit via function return

:\ .

Dw/ *Rw| ™

CSCI 5551 - Spring 2025

T
=1

Liri«l
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world

link2

link3

xyz: 500
rpy: 0 0 -1.57

| link4 |

Traverse second child joint (joint2) of link1.

CSCI 5551 - Spring 2025

2

Link |

Slide borrowed from Michigan Robotics autorob.org


http://autorob.org

Jont2 is revolute

Dw*Rw*DI3*RI3 7277
Dw,*Rw,
|

How can we accounk mfor joim&’s
mobtion?

link?2 link3
‘o,
xyz: 500 °¢:> . =
rpy: 0 0 -1.57 ._|| -1 2
@ ™~ . Link |
‘ link4 ‘ e
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link2

link3

xyz: 500
rpy: 0 0-1.57

| linka |

Joint2 is revolute

D *RWI*DI >kRI *R 2(q2)
Dw *Rw, n

rotation about unit |0|nt axis uz by |0|nt state %

< 3 a0

é//jOlnt motor rotatlon axis f
 robot.joints[“joint2”].axis = [0.707,0.0, 0.707] §

F ¢
B ‘.
‘ v ‘&,‘
” 4
. N
‘LAl =
” 1~
A " -
¥
1 o
3
"
¢
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world

link2

link3

xyz: 500
rpy: 0 0 -1.57

ink4 |

Dw *Rw *DI3*R I3%R »(q2)

Dw *Rw,

g - - / P - , _ - o e PR - . P - p
—_— - g - . > . —_— - g - . _ p P By e —_— - g P 3 . —_ a P > . p——
g 3 Al s, . AT 4 O She A s . SAFXN-T — S S =2 ey W YA x &NCT d D aae - I x AT a =

é//joint motor rotation axis
j robot. jOlntS[”jOlntZ"] axis = [0.707,0.0, O. 707]

how to F}Qrﬂfc&rm this ra&ahmm?

“  Link|
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Euler Angles

® Rotate about each axis in chosen order: R = Ry(©«) Ry(©y) R(O)

1 0 0 0] | cos() 0O sin(f) O0]|cos(#) —sin(d) 0 O
0 cos(#) —sin(f) O 0 1 0 O||sin(f) cos(d) O O
0 sin(d) cos(#) Of|—sin(d) 0 cos(d) O 0 0 1 O
0 0 0 1 0 0 0 1 0 0 0 1

® 24 different choices for rotation ordering

® R,(Ox):roll, Ry(Oy): pitch, R(O-): yaw

{This course uses XYZ ,
torder: R; Ry Rx (right to  §
{left) \
® Matrix rotation not commutative across differnt'as S o

M){u}tl\ CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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A http://easyspin.org/documentation/eulerangles.html
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give

xX'y'z'.

Rotate X'y z counterclockwise
around its y' axis by B to give

x"'y"'z".

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/eulerangles.html A
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around its z axis by a to give

X'y'z.

Rotate X'y z counterclockwise
around its y' axis by B to give
X”y”Z”.

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/eulerangles.htmi )
,M;Lj;, CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around its z axis by a to give

X'y'z.

Rotate X'y z counterclockwise
around its y' axis by B to give
X”y”Z”.

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/eulerangles.htmi )
,M;Lj;, CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate x'y'z' counterclockwise
around its y' axis by 3 to give
X"y"Z".

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/eulerangles.html .
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate x'y'z' counterclockwise
around its y' axis by 3 to give
X"y"Z".

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/eulerangles.html .
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate X'y z counterclockwise
around its y' axis by B to give
X”y”Z”.

Rotate x"y"'z" counterclockwise

around its z" axis by y to give
the final ABC.

http://easyspin.org/documentation/eulerangles.htmi )
,M;Lj;, CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate X'y z counterclockwise
around its y' axis by B to give
X”y”Z”.

Rotate x"y"'z" counterclockwise

around its z" axis by y to give
the final ABC.

http://easyspin.org/documentation/eulerangles.htmi )
,M;Lj;, CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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Example: ZYZ Euler angles

R = Ru(q)-Ry(B)- Rifa)

¢y sy U ch () —sps cor s )
= —sy ¢y - 0 1 () - —sax cax )
0 0 1 s U cl 0 O 1

CYC I — SYsaO CYCHISQ + sYCox  —CysH
siica S/7s0

J f—
i

—S8YCICQ — CYS(x  —S8YC s + ¢yean

= U
A

Each rotation changes the non-rotated axes

results In a new frame for the next rotation

http://easyspin.org/documentation/eulerangles.html
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|_et’s try rotating about an axis

CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.or



Rodrigues Axis-Angle Rotation

\.‘l'
=

Benjamin Olinde Rodrigues
1795-1851
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Rodrigues Axis-Angle Rotation

d

Given two vectors a and b,

Assume a Is unit length
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Rodrigues Axis-Angle Rotation

d

b!

Given two vectors a and b,
compute b’ as rotation of b around a by 6

Assume a Is unit length
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Rodrigues Axis-Angle Rotation

d

b’ b can be broken down into
WO vectors:

b parallel to a

and

b, orthogonal to a

b, such that
b=by+b,
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Rodrigues Axis-Angle Rotation

d

b’ b can be broken down Into
WO vectors:

v
b parallel to a
Operator to compute by?
and b, orthogonal to a
b, How Fo express b, wikh eross Pradu&s?’
suchthatb=by+ b,
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Rodrigues Axis-Angle Rotation

d

b’ b can be broken down Into
WO vectors:

v
by = a(ab) parallel to a
veckor Praj@.&mv\
and b, orthogonal to a
b, How ko express b, wikth cross Prc:»c&u&s%’

suchthatb=by+b,
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Rodrigues Axis-Angle Rotation

d

b!

axb

CSCI 5551 - Spring 2025

b can be broken down Into
IwO vectors:

by = a(ab) parallel to a
vector Prq}ec%wm

and b, orthogonal to a

suchthatb=by+b,
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Rodrigues Axis-Angle Rotation

b’ bi is not affected by rotation
0 around a, only b is rotated
o
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Rodrigues Axis-Angle Rotation

d

b!

bi is not affected by rotation
around a, only b is rotated

If we can rotate b, around a by 6
to produce b’

0 then rotation of b is by+b,’

What makes us think we can rotate
b, around a”
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Llook this wa
7 plane orthogonal to a defined by
bJ_ and axb

A

bJ_, >
p Y - - -
ax assume b, aligned with x-axis e
b, and axb aligned with y-axis e»
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plane orthogonal to a defined by

axb sin(0),

bJ_ and axb

A

axb

b,’

CSCI 5551 - Spring 2025

rotation of b, by 0 is then

.’ = e1c08(0) + ez sin(0)

= b, cos(0) + axb sin(O)
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b.’=b., cos(0) + axb sin(0)

axb

CSCI 5551 - Spring 2025
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b’ = b+ b, cos(8) + axb sin(6)

o

b.’=b., cos(0) + axb sin(0)

axb
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Rodrigues Rotation Formula

d

bH v, substitute out b,
b’=b| + b, cos(0) + axb sin()
b,’ b’ = b + (b-by) cos(0) + axb sin(6)
group b terms

b’ = (1-cos(0)) b + b cos(0) + axb sin(06)
axb substitute out by

Ji b’ = (1-cos())(ab)a + b cos(8) + axb sin(6)

M/'@_j}ul\ CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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Rodrigues Rotation Matrix

R = cosfI +sinflul, + (1 —cosf)u®@ u

sheews svmm&ria mabrix
of vector u

0 —u., wu,

Ul = | . 0 —u, _ L )

u CTOSS F}T’Odu,&& LS mu&uylwaham
-, Uy 0

wikbh sleew Sjmmeéric mabrix

(k X V), kv, — k.v, 0 —k. Kk V.
(k xv),| = | kv — kv | = | k. 0 —kz||vy] -
-k, k; 0 vU.

M CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org
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Rodrigues Rotation Matrix

R = cosfI +sinflul, + (1 —cosf)u®@ u

sheews sYym mebriec wakbrix

™ ouber pro Auct
of vector u A

2
0 —u., wu, ue  tipt, .
— . AN — ; ‘ 2 .
ul, = | u. 0 —u, u@u = |uzuy U, Uyl
—Uy Uy 0 UpU, Uyl U
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Rodrigues Rotation Matrix

R = cosfI +sinfu|x + (1 — cosf)u® u

sheews sYym mebriec wakrix

™ ouber pro Auct
of vector u A

2

0 -—u. u, ue  tipth, L.

_ | S vy 2 |
ul, = | wu. 0 —u, u@u= |uzuy, Uy Uyl

—u, u, 0 Uz U, UyU. — UZ
cosf +u* (1 — cosf) Uyt (1 — cosfl) —u,sinf wuzu. (1 — cosf) + u,sinf
R = |uyu, (1 —cosf) +u.sinf  cost + u (1 — cosb) Uy, (1 — costl) — u,sinf

u.uy (1 —cosf) —u,sinf wu.u, (1l —cosf)+ u,sinf  cosf + u (1 — cos)

resulting rotation makrix
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S there a cleaner expression
of axis-angle rotation”



S there a cleaner expression
of axis-angle rotation”

Rotation by complex numbers



Rotation by complex numbers
Im A

10 ..
e o € :COSQ+ISln9
® Complex nhumber: a + bi, I = sqrt(-1) il

® [a,b] is unit vector in 2D real/imaginary
space, and @ is rotation angle

® Additional 2D rotation can be performed
as a complex multiplication, with polar

coordinates: a; = cos(©®;) and b; = sin(©)

® FEuler’s Formula ¢'%=cos g +isin o

® Multiplication of two complex numbers

' 2w = (a+ bi)(c+ di) = ere” = re!*?)
(z and w) composes rotation
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Rotation by Quaternion

(No axis order, No gimbal lock)

Quaternions can perform Rodrigues axis-angle 3D rotation

Provide a clean mathematical expression for rotation composition and interpolation

= axis of rotation

rOtatiOn Gng[e 9()0

CSCI 5551 - Spring 2025

sin(90°/2 )=cos(90°/2)=1/~2

V

scalar part——
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Quaternion

Quaternion plaque on Brougham (Broom) Bridge, Dublin

N

Sir William Rowan Hamilton
(1805-1865)

Here as he walked by on the |6th of Ocober 1843 Sir William Rowan Hamilton in a flash of genius
discovered the fundamental formula for quaternion multiplication i2 = j2 = k2 = jjk = =] & cut it on a
stone of this bridge

M CSCI 5551 - Spring 2025 Slide borrowed from Michigan Robotics autorob.org


http://autorob.org
http://en.wikipedia.org/wiki/Broom_Bridge
http://en.wikipedia.org/wiki/Dublin

Quaternions in 3D

* Uses three imaginary numbers (1,f,K) to provide a basis that satisfies
e 2=-1j2=-1 kK2 =-1

° ij:k’jk:i’ ki:j’ji:-k’kj:-i, ik:-j

IXf =-xI =K
* Forms a real 3D basis indicated by cross product relations Kkxi = -ixk = |
JxK = =kxJ =1

* Quaternion defined as g = a + bi + cj+ dk
e where g, b, ¢, d are scalars

* pbreaks down into real scalar and imaginary vector: q = (a, [b,c,d]) = (, v)
Note: g is bypically configuration, but will be used temporarily as a quaternion
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Quaternions in 3D

e Set of quaternions is a vector space and has three operations

e Addition (71, U1) +(ra, ) = (ry 4+ 12, Uy +13)

e Scalar multiplication | Sq1 = (sa)+(sb)i+(sc)j+(sd)k

e Quaternion multiplication (1, vi){ra, U2) = (rira — Uy - o, 1102 + 72t + V) X 1)

q1q2 = (a+bi+cj+dk)(e+fi+gj+hk)

= (ae-bf-cg-dh)+(af+be+ch-dg)i +(ag-bh+ce+df)j+(ah+bg-cf+de)k

* Not commutative: g9z« 0201  Why?
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Quaternion Properties

Norm: |q|2 = a2 + b2 + ¢ + 07

Conjugate quaternion: g = a - bi - ¢j - dk = (a, -[b,c,d]) = (r, -v)
Inverse quaternion: g =q/ |q|?

Unit quaternion: |q| =1

Inverse of unit quaternion: g7 = q
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Rotation by Quaternion

* Rotations are represented by unit quaternions

e guaternion is point on 4D unit sphere geometrically

e Quaternion q = (a,u) =a + bi + cj + dk = ( cos(©/2), u sin(G/2) )
= [cos(©/2), ux sin(G/2), uy sin(©/2), u, sin(G/2)]

* U = [Ux, Uy, U/ 1S rotation axis, @ rotation angle

* Rotating a 3D point p by unit quaternion q is performed by conjugation of v by gq
e Vv =qvq',whereq’ =(a, -u)
e quaternion vis constructed from pointpas v=0+ p =0 + pxd + pyJ + pzK
e rotated point p’ = [V’'xV’yV’z] Is pulled from quaternion resulting from conjugation
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Checkpoint

 What is the unit quaternion for ...

- no rotaton” [

e rotation 180 degrees about the z axis” _

e rotation 90 degrees about the y axis? _
e rotation -90 degrees about the X axis?_
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Checkpoint

 What is the unit quaternion for ...

* NO rotation” the identity quaternion (1, [0 0 0])

e rotation 180 degrees about the z axis” _

e rotation 90 degrees about the y axis? _
e rotation -90 degrees about the X axis’?_
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Checkpoint

 What is the unit quaternion for ...
* NO rotation” the identity quaternion (1, [0 0 0])

» rotation 180 degrees about the z axis? (0, [0 0 1])

e rotation 90 degrees about the y axis? _
e rotation -90 degrees about the X axis’?_
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Checkpoint

 What is the unit quaternion for ...
* NO rotation” the identity quaternion (1, [0 0 0])

» rotation 180 degrees about the z axis? (0, [0 0 1])

o rotation 90 degrees about the y axis? (sqgrt(0.5), [0 sart(0.5) O])

e rotation -90 degrees about the X axis’?_
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Checkpoint

 What is the unit quaternion for ...
* NO rotation” the identity quaternion (1, [0 0 0])

» rotation 180 degrees about the z axis? (0, [0 0 1])

o rotation 90 degrees about the y axis? (sqgrt(0.5), [0 sart(0.5) O])

o rotation -90 degrees about the x axis? (sqrt(0.5), [-sgrt(0.5) O 0O])
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Restating

e Quaternions g and -q give the same rotation
« Composition of rotations s and g2 equals g3 = q=q1

e Remember: 3D rotations do not commute
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Rodngues and Quaternion Equivalency

qpq :-qpq
(c a—l—asna)g(cosa—l—&s' a)*
= = 1 — in —
2 2 2 2
8 a\ — o . o
— (c — + asin —) b (cos— — @ sin —)
2 2 . 2
(1—)* 8} n Ag , a) ( o a)
— (bcos — +absin — | | cos — — asin —
2 2 2 2
— b cos? % — b cos % sin % +- ab sin % COS % — abasin? = a
— b cos? % + (ab — ba) sin = cos % — aba sin’ (—;—
— o - o
= bcos” 5 + 2(a X b) sin = cos% — (b(& .a4) — 2a(a - )) sin? %
— 5 (cos? = — sin —) 28111%008%—}—@(& —') (QSin2 %)
=b¢ scu—l—(& sina + a(a - b)(1 — cos a)
qpq ' = (1 — cosa)(a - ) +bcosa+ (& x b)sino
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Quaternion to Rotation Matrix

T
* Inhomogeneous conversion to 3D rotation matrix of 97— @0 @ @ gl
1 - Z(QZ_)_ + q§) 2(:Q1q;3 — q@q;;) ‘2(%42 + 91(13)
2(q192 + qogs) 1 — 2(q7 + q3) 2(q293 — qoq1)
2(q193 — qog2)  2(qoq1 + q2q3) 1 — 2(q7 + ¢3)
or equivalently, homogeneous conversion
%+ -0 -4 2(0%—q9)  2(9092 + ¢143)

2(g192 + q0q3) i - qi + G — q§ 2(q293 — qoq1)
2(q193 — qog2) 2(qoq1 + q293) G5 — G — q5 + ¢;

* Rotation matrix to quaternion can also be performed
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1) form unit quaternion from axis and motor angle

q = [cos(©O/2), ux sin(O/2), uy sin(@I2), u; sin(O/2)]

2) convert guaternion to rotation makrix

* Inhomogeneous conversion to 3D rotation matrix of g = [0 @1 g2 qa]T

I - 2(q3 + q§\) 2(9192 — qog3)  2(q092 + q143)
2(q192 + qog3) 1 —2(¢i + q3) 2(q203 — qod1)
2(g193 — 9oq2)  2(qog1 + g2q3) 1 —2(q7 + ¢3)

or equivalently, homogeneous conversion

g + ¢ — q3 —‘q?g 92((116{)2 - q)nq;z) ‘) 2(;(10(12 + Q1q3)
2(:Q1f12 5B (10(13) dn - 47 + 45 —\Qé' ‘)2(92(.1)3 — Q;JQ1) i
2(q193 — qoq-) 2(qoq1 + 92q93) g5 — 91 — @5 + G5

* Rotation matrix to quaternion can also be performed
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rpyOOO pyOOl

xXyz:-250
57

link2

link3

xyz: 500
rpy: 0 0-1.57

| link4 |

Dw *Rw *D13*R 13%R 5 (q2)

Dw *Rw,

o ST o o &
_ . - . - /. _ . - - - s ) o = P _ L - . - > _ . - . - __ _
o E v ¥ AN v 3 pEl-* o B A O A add e o > . AN -TN R -l S Ccmler Ve Y D 7 » el ol gl @ P> ~ AT, d o4 » - aml o @ > AT d

j//joint motor rotation axis
frobot jOlntS[”jOlntZ"] ax1s = {O 707 O O O 707}

~ - L

1) {Orm wnik qu&&mmc)m ﬂfrom axis and mo&or QMQLQ
2) convert gquaternion to rotation mgrix

%,
9(
\ 1 . e 1
=11 1IN

Link |
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rpy: 0 -0 0 \rpy: O -0 1.

xXyz:-250
57

link2

xyz: 500
rpy: 0 0 -1.57

| link4 |

DWI*RWI*D I 3*RI 3*Ru2(q2)

Dw *Rw,

=111\

Link |
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mstack=

Dw*Rw *D13*R 13#R 2(q2) *D34*R34¥R 13(q3)

DWI*RWI*D I 3*RI 3*Ru2(q2)

Dw *Rw,
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link2

link3

xyz: 500
rpy: 0 0-1.57

Dw*Rw *D13*R 13#R 2(q2) *D34*R34¥R 13(q3)

DWI*RWI*D I 3*RI 3*Ru2(q2)

Dw *Rw,

T
=1

Link |
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Next lecture:
Forward Kinematics

CSCI 5551 - Spring 2025



; ; Sped-up video of a demonstration of a project of IAS group
RObOth ROOmmateS Maklng pancakes at the CoTeSys Fall Workshop 2010 at TU Munich showing

Longer version - https://www.youtube.com/watch?v= SIUCrmE8J0 TUM-James and TUM-Rosie making pancakes.
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