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Course Logistics

 Project 3 was posted on 02/07 and will be due 02/15 (ret802144).
 Project 4 will be posted on 02/14 and will be due 02/28 (yes 2 weeks).

 Quiz 4 will be posted tomorrow at noon (based on requests on Ed) and will be
due on Wed at noon.
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PID Control

Previously o7 .

Control signal:

P Ke't)
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Future

l Inverse kinematics: how to solve for g = {61, ...,0n} from TOo\? |

Inverse kinematics: q = f-1([0% Ro])  [61,6:] = £2(x,y)

solve fOT‘ €2

Law of Cosines
2P -
2abh

% = arccos (

Inverse kinematics: q = f-([0%; R%])

P

[6, ,92J - {'l(x;j)

solve for 6;

ai + a3 — x* —y*

n— 0, =cos™(

20,

solve for 0.

g sin 0y
o1 + g cos B

w\
1y Lt \\Tg T
| Transform of endeffector. — ——————

)

Inverse kinemalics. ore-to-many mapping of workspace endeffector pose
to rokot configuration

9 /‘Wr)‘/
s
__///

e > L0 \';
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/.?"

wrt. base Endeffector
(Frame 6)

Inverse Kinematics: 3D

&— Tronsform from

Configuration I(q1y.-,q2) = H endeffector
N
| “= 6 7]
|76 |

Ty T2 713 O
T1 T2 T23 O

H : v

T31 T332 T33 0Oz
1

Closed form
solution?

Closed form
solution?
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e
orientation of endeffector

& = Jelhn,..., hu), k=1,...,n

Why Closed Form!?

® Advantages
® Speed: IK solution computed in constant time

® Predictability: consistency in selecting satisfying IK solution

® Disadvantage
® Generality: general form for arbitrary kinematics difficult to express




Inverse Kinematics: 2 possibilites

* Closed-form solution: geometrically infer satistying configuration
o Speed.: solution often computed in constant time
* Predictabllity. solution Is selected in a consistent manner

* Solve by optimization: minimize error of endeftector to desired pose
e often some form of Gradient Descent (a la Jacobian Transpose)

* (Generality: same solver can be used for many different robots
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Anyone tried this?

= ~ e

Try this ) —
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Aggressively tuned IK

! |Robot Arm*3ik
L = by Ylie

A

N el

By Dr. Jenkins


http://autorob.org

Conservatively tuned IK

rea1  [Robot ArmA3ik
L...I [

k.5 byYlie

y
.

By Dr. Jenkins
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—How to programmatically do
this”
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—How to programmatically do
this”

Jacobian Transpose


http://autorob.org
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convert linear veloc ;&j ak endeﬂfﬂfecﬁor

to angular velocities at omﬁs‘
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]
«r:c,:»vwer& linear velocity at endeﬂfﬂfecﬁor

to angular velocities at omﬁs‘
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Desire
endeffector
displacement

o  : A 9 Joint angle
- displacements

Can we move the Yes! +.
 convert Linear velocity ot ev\d@f{@.&mr

endeffector to
minimize error? to angular velocities at Joinks,
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HOW are linear and angular
velocity related?

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.or


http://autorob.org

HOW are linear and angular
velocity related?

Consider the velocity of a point
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Consider the velocity of a point
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Consider the velocity of a point
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Velocity of Point Rotating in Fixed Frame

" Linear velocity

point

ngular veioa%v

ro&a&am axLs
(oub-of-plane)
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Velocity of Point Rotating in Fixed Frame

linear velocity w y

anqular vei.o&iﬁ’
of points in frame ]
wrbk., axis k rotakion spe&d of frame

point

"'a\v\gutar vemti%v

ro&a&am axis
(oub-of-plane)
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Velocity of Point Rotating in Fixed Frame

" Trobabion axis

anqular vei.o&i%
of points in frame ]
wrb, axis k robation speed 0{: ﬂframe

—
e -.'—"f -

P -, e
=" ‘g =7 T
Y - Z oS
v 7 r!\\ ‘r‘," s

(A - . b

S\ , v, "\\

p Y d

’ = ‘\’

Linear veto&i;%j ol

of points in frame  vector to point

wrk, axis k LA “3: rame

robtakilon axis w\g)uttxr V@.L(Ni‘&v
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Velocity of Point Rotating in Fixed Frame

" *rokakion axis

anqular veto&i%
of points i frame J
wrb, axis k robation speed Of ﬂframe
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wrb., axis k i frame
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emdeﬁe&or
Linear velociby

vector from
Joint origin to
endeffector

\}0&&\% robakion axis
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vector from
£ jont origin to
" endeffector

endef»fe&c}’r

Linear vetc:va&j Joint rotation axis

This is nobt what we wanked,
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Jacobian Transpose

vector from
Joint origin to
endeffector

o
4
Jg
AV }
”' v 5
= e g
- e
Sl oih e —— S
SRR RO,
2y
-7 ; X
*
o O .
- ' S
Wo. \ 71 . -5
F \ AR
Q. -
Y *
d . .
y . E

emc&eﬂ:ﬂfeﬁo‘r

Linear vei.oc:i%:j Joint rotation axis

This is not what we wanked.

How to obkain jaim& angular
vetcw:i;%v ﬁfrem emd@fﬂfe&or
Liear veta&&%v?
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Jacobian Transpose

vector from
Joint origin to
endeffector

.
g
o XA
Y, )
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Linear vetm':i;&:j Jom& robtakilon axis

This is ot whalt we wanked.

How to obkain joiv& angular
VQLOC&&? from endeffector
Linear vetoﬁwj?

A0 = (kxr) Az
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Jacobian Transpose

. : : vector rrom
Joint rotation axis rfr

Joint origin to
I endeffector

B
R R
ax :
v' 4
.
—
= g
g 7 & b
P /
P
T
ze -/
o b VN
N g et SN
"L N D
D S ol S el
A . . oY
e b Y VA
< b ' A
4 N PPy -
0 \ ¥
4 o 4.4 !
b %

desired

AV\gu,r o
displacement Jaco bf“““ | endeffector
for joint i for joint i displacement

Procedure (for each joint):

1) Compute Jacobian

2) Update joint angles using Jacobian transpose
3) Repeat forever (or until error minimized)
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K as error Minimization

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org


http://autorob.org

K as error Minimization

Gradient Descent Optimization
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Inverse kinematics as error minimization

Define error function e(q) as difference
between current and desired endeffector
DOSES

Error function parameterized by robot
configuration q

Find global minimum of e(q): argming e(q)
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Inverse kinematics as error minimization

Define error function e(q) as difference
between current and desired endeffector
DOSES

Error function parameterized by robot
configuration q

Find global minimum of e(q): argming e(q)

How could we find argming e(q) it we knew
e(q) in closed form?
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Example: Find global minimum of function

f(z) = 3(z — 2)?

Take derivative

Solve for x where derivative is zero
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Example: Find global minimum of function

f(z) = 3(z — 2)?

df
dx

Solve for x where derivative is zero

Take derivative

= 6(z — 2)1
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Example: Find global minimum of function

f(z) = 3(z — 2)?

df
dx

Solve for x where derivative is zero 6(;5 _ 2) — ()
oxr — 12 =0

T —

Take derivative

= 6(z — 2)1
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Example: Find global minimum of function

f(z) = 3(x — 2)°

Take derivative

af
— 0(x — 2)1
- = 6(z—2)
Solve for x where derivative is zero 6(;13 _ 2) — ()
oxr — 12 =0

verlty  f(2) = 3((2) —2)? =0
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2.5 5 i b
' ‘ Toggle graphs:

4 | @ f(z)
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Table of values:
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Zoom mode;
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Example:

cos(3mx)/x, 0.1< x <1.1

6

global maximum

local maximum

local mIinimum

global minimum

0.2 0.4 0.6 0.8
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1.2
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& C @ derivative-calculator.net X o

W = LUNECK your owrn dnswe

@ | @ = -
@\ ‘ Q\ ‘ Lk Export the expression (
commendation YOUR INPUT:
st e netet e st et L D e . f ( :B) —

Calculus for Dummies (2nd Edition) @ s

An extremely well-written book for students

taking Calculus for the first time as well as 003(3771')

those who need a refresher. This book makes

you realize that Calculus isn't that tough after L

all. = to the book

‘ Simplify | [Roots/zeros]

.............................................................................................................................................................................................................................................................................................................................................

FIRST DERIVATIVE:

Lf@) = f(e) =

3rsin(3mxz)  cos(3mx)

T 72

Simplify/rewrite:

SEE WHAT 3rz sin(37z) + cos(37x)
YOU'VE m2
% & | BEEN f |
L HEARING. [SimplifyHShow steps”Roots/zerosl
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cos (3mx)

L

3mx sin (3mx)

cos (3mx)

2

Every zero crossing

of f(x)1s an optimum

!
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Toggle graphs:
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f'(z)
<. J
Table of values:
- 4 I
(° B
f(z)=( )
( N\
f'(z)=( )
% y,
3 ™)
Zoom mode:
O XY DX Y @
e /
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Cvery zero crossing |

of f(x)1s an optimum |
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Inverse kinematics as error minimization

Define error function e(q) as difference
between current and desired endeffector
DOSES

Error function parameterized by robot
configuration q

Find global minimum of e(q),
or, argming €(q)

But, do we know e(q) in closed form?
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Gradient descent

From Wikipedia, the free encyclopedia

. Error function F(x)
"~ over confiqurations x

Assign Initial solution guess Xp

G\ ° ‘/A Repeat Xi+1 = Xi-Yi VF(Xi)

o o : ST 'y
F B until | |Xi - Xi-1|| is “small
N
. . . C (Positive gradient)
egative gradient
(Neg = ) \. 7|
v
Ao
Goal confiquration is X
at the basin of F(x)
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Gradient descent

From Wikipedia, the free encyclopedia
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Gradient descent

From Wikipedia, the free encyclopedia

_, Error function F(x)
"~ over confiqurations x

/

® .,

/

® ;

C (Positive gradient)
V|

(Negative gradient) E
\4 .

P .
;;/,'.' ez
2’ .. ‘g
AD N
s O
% .
N X
g o

Goal 'waiguraﬁom ¥=
at the basin of F(x)
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Current solution “Learning rate”

Nexk Otuﬁom

Derivative assumed to be direction
of steepest ascent away from qoal
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Gradient descent

From Wikipedia, the free encyclopedia
Current solution “Learining rate”

F(x)

/ Nexk otuﬁum

Perivakive assumed bto be direcktion

C (Positive gradient) of steepest ascent away from qoal

(Negative gradient) E ® vl

—|vl :

Consider x such that F(x) = &
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Gradient descent

From Wikipedia, the free encyclopedia
Current solution “Learining rate”

F(x)
/

\ rate of change @ ,

G . .
. gradient will / j
bﬁ MQQQ&&VQ Next solukbiown
F | ® 5
Derivative assumed to be direction
: C (Positive gradient)
(Negative gradient) E ° v of steepest ascent away from qoal

—|vl :

Consider x such that F(x) = &
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Gradient descent

From Wikipedia, the free encyclopedia
Current solution “Learining rate”

F(x)
/

\ rate of change @ ,

G . .
gradient will / ;
be negative Next solukion
Derivative assumed ko be direction
- - C (Positive gradient) ot steepest ascent away from qoal
(Negative graqilent? E ® vl “f F 3 “f 9

—|vl :

X
neqgative gr&diem& will wmove nexk x i posi&ve direckion
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Gradient descent

From Wikipedia, the free encyclopedia
Current solution “Learining rate”

F(x)

c @ A
\ / Next solubion

Derivative assumed to be direction
of steepest ascent away from qoal

C (Positive gradient)

(Negative gradlent? E ® vl

— |V

X
next iteration will move closer to goal
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Gradient descent

From Wikipedia, the free encyclopedia
Current solution “Learining rate”

F(x)

c @ A
\ / Next solubion

Derivative assumed to be direction
of steepest ascent away from qoal

C (Positive gradient)

:
v

(Negative gradient)
—|Vv]

X
next iteration will move closer to goal
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Gradient descent

From Wikipedia, the free encyclopedia
Current solution “Learining rate”

F(x)

Perivakive assumed bto be direcktion

C (Positive gradient) of steepest ascent away from qoal

(Negative gradient) E vl

— |V

until converqgence
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What is the derivative of
robot configuration
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rate of change of
wikh r@.stecﬁ to

VV h at i S t h e | @ ; , i % i
robot configuration
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What Is the derivative of
robot configuration

Geometric Jacobian
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Creomebric

3D N-Link arm — E) 0; T h eJ aCO b | al

A 6xN matrix

J = [J1J2"'Jn]

assuming forward kinematics:

r = f(q)

represents partial derivative:

oxr O
Each column transforms — f(CI) = J (Q)
vemctiﬁv at the endeffector 0q 0q
to velocity at a DOF

Figure 5.1: Motion of the end-effector due to link 3.
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W = Z;—1A

3P N-Link arm C

=0 is base frame

e eime mmeieee e oo . effector due to link 1.

Note: fiqure talken from Spong et al.
textboolk, which assumes D-H

parameters and offset

columin index
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-1t frame maps to ith columin

The Jacobian

A 6xN matrix

J

[J1J2 B Jn]
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3D N-lLink m*mz E)Hz- The JaCObian

A 6xN matrix

J = [hJ2-- Tyl

consisting of two 3xN matrices

J = |
Ju
Figure 5.1: Motion of the end-effector due to link <. with overall form

I'Z“')Fl OF '|

() X1 () Ln

“' () F { Change in an @.Mc&eﬁfﬁfé.&&or
I — variable wrt, change in aj 7=
011 joint variable

P

i;)F,?l (i—)F)T(

14 .,
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3D N-lLinie armz E)@' The JaCObian

A 6xN matrix

J = [J1J2'°'Jn]

consisting of two 3xN matrices

Linear

Figure 5.1: Motion of the end-effector due to link 3.

vector of
of joint

~ ahqgle
q - \Y\\ WA A

||
S
n

linear velocity of endeffector mmmmmmds

angular velocity of endeffector=

velocilkies
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W = Z;—1A
3D N-Link arm o, T h c JaC O b | al
. A 6xN matrix

J = [J1J2"'Jn]

consisting of two 3xN matrices

Jts o single columin 4| o1 3 prismatic joint Ji for a rotational joint
of the Jacobian matrix }

’;'

— —

: 2 . o
§ J; = 1—1 J; zi—1 X (0n — 0i—1)

Z is joiumk axis in
world coordinates
(overloaded wnobkation)
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Zi-1. \}QEM& axLs

The Jacobian

Oi-1 yé A 6xN matrix

J = [y J)]

| vectors n |
{ base frame §

Ji for a rotational joint

pu— -

Figure 5.1: Motion of the end-effector due to link 3. T, Zi—1 X (On - Oi—l)
i

Zi—1

Ji for a prismatic joint

Zi—1
0

Ji =
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Zi-1. JOEM& AXLS (f)m)
The Jacobian

A 6xN matrix

J = [J1J2'°'Jn]

Ji for a rotational joint

pu— -

Figure 5.1: Motion of the end-effector due to link 3. T, Zi—1 X (On - 0?3—1)
i

Zi—1

Ji for a prismatic joint

Zi—1
0

J; =
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Zi-1. JOEM& AXLS (f)m)
The Jacobian

A 6xN matrix

J = [J1J2'°'Jn]

Ji for a rotational joint

—

Figure 5.1: Motion of the end-effector due to link 3. T, Zi—1 X (On - 0?3—1)
i

Zi—1

Ji for a prismatic joint

Zi—1
0

J; =
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Figure 5.1: Motion of the end-effector due to link <.

Important

All quantities must be expressed
in the world frame

Endeffector: {ptool}w — T;:) {ptool}n
Joint axis: {k }w — Tw{kz}z
Joint origin: {O,,;}w — T'w{oi}i

= (1ki}" —10i1") X (Prool) —10i)")

Jwi = ki —10if"
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Ji for a rotational joint

1

[ 2zi—1 X (0p — 0i—1)
Zi1

All quantities must be Ji for a prismatic joint
in the world frame [z

Endeffector: {ptool}w — 1, {ptool}n
Joint axis: {k}z}w — Tw{kz}z

. L 0, w ()
Figure 5.1: Motion of the end-effector due to link 3. Jomt origin. {0’1, } T,L {O’L }

Jvi = ({kz}w _ {Oi}w) X ({ptool}w o {O’i}w)

Jwi = ki —10if"
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HOow did we get the
Geometric Jacobian?
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o P

Velocity of Point Rotating on N-link Arm

T(q) = [ Rﬁéq) O%YI) ]

Angular Velocity
RO — RORl Rn 1

n

— P - - A o
e ‘ il G LA 4 - —

| assumm,g vewm&es expresseci i &hé same ffmma |

| ' 0 — 0 O O n—1

n

Ji for a rotational joint

J; - zi1 X (on —0i-1)

TR
B 2i—1
Y e \’:"v , .
.

B 3 78 e <
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Velocity of Point Rotating on N-link Arm

R.(q) on(q)
0 _ n n
— T
— Tz'o—lfl:;i—lTri
consider effect of all frames _ [ R, 0; 4 ] [ R~ o ] [ I, op
(0.1) on endeffector 0 1 0 1 0 1

||
-
S O
by
O
Y
+
-
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Velocity of Point Rotating on N-link Arm

R.(q) oy(q)
0 _ n n
= T9
Linear Velocity for Rotational Joint |
° = R%: + R° .ot + of — ﬂo—lﬂz—lTé
ToooowmeTEe e [R?_l 051 ] [R:i-l 0j " ] [R:,, 0
B 0 1
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Velocity of Point Rotating on N-link Arm

Linear Velocity for Rotational Joint

0 _ 0 .2 0 2—1 0
Op, = Ri0n+Ri—10i +0i—1

o o | Y
8_92-02” = 30, Rlo;, + R} 0"

Falee derivakive wrk.
itk joint angle
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Velocity of Point Rotating on N-link Arm

Linear Velocity for Rotational Joint

o, = Rlo,+ R, 0" +0] 4
9 5 | T
3_92.0% ~ 00, R}oj, + R ,0; ") ?

1—1 =

Ji for a rotational joint
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K Prodedure Restated
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Creomebric

The'Jacobian

A 6xN matrix

J = [J1J2"'Jn]

Ji for a rotational joint

J = 2i—1 X (On — 0j—1)
Zi—1

IK Procedure resktaked:

AX, = X4 — X, Ji for a prismatic joint

o Zi—1

Aq, = J(q,) 'Ax, S
dn+1 = dn T ’YAqn
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campu&e
emdpaimﬁ
eTrTOT %

\JIK Procedure restated:

Axn — Xg — Xp,
Ady, = J(qn) " Axy,
An+1 = dn + YAQ,

CSCI 5551 - Spring 2024

Creomebric

The’

Jacobian

A 6xN matrix

J =

Ji for

J; =

[J1J2 B Jn]

a rotational joint

- Zi—1 X (On — Oi—l) -
Zi—1

Ji for a prismatic joint

Ji

Zi—1
0
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compu&e
emdpaimﬁ
CTrTOT &

Axn Xd — Xn
= J(q,) ' AX,

dn+1 = dn T /YAqn
P73\ CSCI 5551 - Spring 2024

compute step -
direction g

Creomebric

The'Jacobian

A 6xN matrix

J = [J1J2'°'Jn]

Ji for a rotational joint

J; - Zi—1 X (On — 0z'-1) -

Zi—1

Ji for a prismatic joint

Zi—1

o= |
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compu&e
emdpaimﬁ
CTrTOT &

compute step N
direction g

o —1
—.J (qn) AX,,
perform step
direckion
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Creomebric

The'Jacobian

A 6xN matrix

J = [J1J2"'Jn]

Ji for a rotational joint

J. _ Zi—1 X (On — 0z'-1) -

Zi—1

Ji for a prismatic joint

Zi—1

o= |
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Creomebric

The'Jacobian

A 6xN matrix

J = [J1J2...Jn]

Ji for a rotational joint
compute

emdpoimﬁ
eTrTOoT

J; 21 X (0p —0i-1) |

Zi—1

Ji for a prismatic joint

’QOMF“&Q

direction & i—1

o= |

— T‘Epeo&
— J(qn) 1 AX,n
F’Q‘""’:‘O’fm S&QF
direction 7y

%qn4+1 = dn T /YAqn
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The Jacobian

A 6xN matrix

J = [J1J2"'Jn]

Ji for a rotational joint

J = 2i—1 X (On — 0;-1)
Zi—1

when can we invert Iq)?
AX, = X4 — Xn

Ji for a prismatic joint
_  Zio1

Aqn — J(qn)_lAXn 5 L0
dn+1 = dn T YAQy,
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Which Pseudoinverse

® For matrix A with dimensions N x M with full rank

® [ eft pseudoinverse, for when N > M, (i.e,, "tall”, less than than 6 DoFs)

—1 AT 4\ T —1
‘{left — (“_l “—l) A S.t. ‘—llcft A= ]”

® Right pseudoinverse, for when N < M, (i.e.,“wide”, more than 6 DoFs)

A
.

—1 T § T 1 -1 __
.'l ' — ..'l (.,'l..'l ) S.t. ‘ql‘«lright — ])n

right
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Maybe there Is a simpler
approach to IK”
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Next lecture:
IK continued ...
Manipulation New Frontiers
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