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Course Logistics

 Everyone should be on Ed discussion board now.
e Everyone should be on Gradescope now.
e Quiz 2 will be posted tomorrow (Tuesday) 6pm and will be due on 01/31 (Wednesday) noon.
e Project 1 is due on 01/31 (Wednesday) 11:59 pm CT.
 Project 2 will be released on 01/31.
e Autograder is available. Please check to see if you have access to it.
10 submissions per day. This is a good coding practice and we will not increase |it.

e You don’t need a valid solution to test autograder. So if you haven't submitted anything just
try it first.
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Why JavaScript?

i @ 3}? Three.js — JavaScript 3D Libra X -+ v

e ThreedS

&« C 0 @ threejs.org B sy N = O o

three.js [r156)

Learn
documentation
examples
editor

nodes (wip)

Community
questions
discord
forum

twitter

Code
github
download

Resources

Three.js Fundamentals
Three.js Journey
Learn Three.js
MHTDThree. js

Merch

https://fwww.stickittothestickman.com
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Why JavaScript?

n

B . P

mr2 (default)

urdf example crawler
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Why JavaScript?

You can load a URDF of a famous robot!

CEVAY g baxter
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Why JavaScript?

More robot models!!!

e () gkichnsonjnasa-urdf-robots: 1 X + v
&« S5 O 0 & github.com/gkjohnscrynasa-urdf-robeta QA T &% @ & 0O o
‘= README.md NG relveses publishec
nasa-urdf-robots
Packages

Fra-built URDF files from the apen source Rabonaut 2 and Valkyrie projects from JSC for easy use without
neecing to install the ROS platform. The derivative URD* model files provided in this repo are covered under
the same license as their original sources.

No packages pualished

Contributors 2

View the modeils!

ﬁ gkjohnson Garrett Johnson

NASA URDF Robots T

You can try to load URDFs of our lab robots too!
Ask the course staff for the URDFs.

Deployments 9
@ github-pages 10 months ago

+ 18 deployments

Languages

T —]
& HTML 830% o Shell “01%
JavaScript 5,254
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Previously

Reset: DOFs and Coordinate Spaces

* Each bedy has its own frame

Rigid Body
®© vS.
Link
a VS.
Joint

e Spatal geomertry attached to ezach link, but

The magnitude of a vector is
the square root of the sum of |al
squares of its components

A unit vector has a magnitude of one.

A vector can be multiplied by a scalar

does not affect the body’s coardinate frame

}% )})(T‘QMEJ

| hi.nge

—

Dedy 1 Ancher iy 2

Qsmaﬁc

Body 2

\ :"T" ; ball

e pecvi

Magnitude and Unit Vector

Normalization scales a vecror to unit length.

=\/a§+a§+---—|—a3

(L
|a| -
SQy
sa = |say
sa.,

Assumes a and b are in same frame

Cross Product
¢z = ayb; — azb,
cy =azby —azd,
c, = azhy, — a b,
Results in new vector c orthogonal to

both original vectors a and b

Length of vector ¢ is equal to
area of parallelogram formed by a and b

la x bl| = [lalf [|bl| sin &

2D Example
only single point
any Potn& on the .,ah..}uﬂ both Lines wo point sabisfies

Lme sabisfies

Ehree Lines

\
Cne equation Two equations Three equations
scalar
ms'ft Dot Product
aeb=azb; +ayb, +a,b,

lal[[bllcos(6)

Measures the similarity in direction of .
tWO vectors

2 3 s .
2] ]3] 208010208

Vector Addition and Subtraction

'ar i br- vecror addition visually b
a+b= |a,+ b,
ﬁ . + b.
vecker A + =
resulk b~/ \
2 / \a (=_h
’I \ y _— b
\I\ /én-b \
vector additionis .\ / '

o vector subtraction is addition
order independent \ / D .
/ with negated vector

h

Projections

Dot preducts related to praojections onto
vectors.

Scalar precjection of one vector onto another

b
=|alcos@ =a-b=a- —

bl

Vector projection

a; — a1 b

Matrix-vector multiplication

(two interpretations)

I) Row story: dot product of each matrix row

a b '&‘ aj+bk+cl
[ &h } 'a] [‘d,.’: - (I:_I% ]

q h ! g) + hk + 1l

2) Column story: lincar combination of matrix columns

%b ¢ ’@ *: + bk + o ¢
dj + ck + f! d f 11
Lg h i] 1] [fﬁ»hu,'] [ ] {h] [.]
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A N
b is unit length

Solving linear systems

What would be the direct way to solve for x? Ax =b
Invert A and multiply by b x=A"'b

Can this always be done?

No. But, we can gpproximate. How?

Pseudoinverse least-squares approximation  x — Aleftb




How to define a
Link Geometry
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http://autorob.org

Link Geometry

http://csc.lsu.edu/~kooima/courses/csc4356/

M/{U}“\ CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org



http://autorob.org
http://csc.lsu.edu/~kooima/courses/csc4356/
http://csc.lsu.edu/~kooima/courses/csc4356/

Link Geometry

vertex index vertex location

I | X y Z

0| 00 10 05

1|-05 05 05

9 2|-05 00 05

3/ 05 00 05

g 41 05 05 05

5/ 00 10 -05

6|-05 05 -05

Each robot link has a geometry specified as 3D vertices. 7 |-05 00 -05
Vertices are connected into faces of the object’'s surface. 8| 05 00 -05
Vertices are defined wrt. the frame of the robots’ link. 9| 05 05 -05

http://csc.lsu.edu/~kooima/courses/csc4356/
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http://csc.lsu.edu/~kooima/courses/csc4356/

As the link frame moves, the geometry moves with it.

A; =

- i1 .
R; o' 1

0

1

http://csc.lsu.edu/~kooima/courses/csc4356/notes/04-transformation/transtormation-compaosition-Z2.himl

DA
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2D Rotation

® (Consider a link for a 2D robot with a
box geometry of 4 vertices

CSCI 5551 - Spring 2024
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2D Rotation

® (Consider a link for a 2D robot with a
box geometry of 4 vertices

® Vectors express position of vertices
with respect to joint (at origin)

pi — [X/’,yi]

CSCI 5551 - Spring 2024
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2D Rotation

® (Consider a link for a 2D robot with a
box geometry of 4 vertices

® Vectors express position of vertices
with respect to joint (at origin)

® How to rotate link geometry based

on movement of the joint!

P4+’
rotate about ocul-of-plane axis

CSCI 5551 - Spring 2024
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2D Rotation

® (Consider a link for a 2D robot with a
box geometry of 4 vertices

® Vectors express position of vertices
with respect to joint (at origin)

® How to rotate link geometry based
on movement of the joint?

r = x-cos(f) — y - sin(f) ’
Y = & - sin(0) + y - cos(6) pe
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2D Rotation Matrix

(counterclockwise)

. RG) |
' cos(f) —sin(0)| |x

Yy’ sin(f))  cos(0) | |y

(X,Y)

® Matrix multiply vector by 2D
rotation matrix R

® Matrix parameterized by rotation
angle @

® Remember: this rotation is
counterclockwise
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Right-hand Rule

rotation occurs about axis from forward towards lateral,
or the “curl” of the fingers
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Coordinate conventions

threejs and KinEval ROS and most of robotics
(used In the browser) (used in URDF and rosbridge)
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Checkpoint

* \What is the 2D matrix for a rotation by O degrees?

* \WWhat is the 2D matrix for a rotation by 90 degrees”?
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Example COS(Q()O) =0

(2,3)

('3!2)

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org


http://autorob.org

Note: one matrix multiply can
transform all vertices

-/ / / /]
Pir Poy p3.’r: P4y
/ / / /
P1y Poy P33y Pay]

cos(0) —sin(6)

'sin(f))  cos(0)

CSCI 5551 - Spring 2024

Dz P2z Pz Pz
Ply P2y P3y Pdy
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We can rotate.
Can we also translate”
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2D Translation

® (Consider a link for a 2D robot with a
box geometry of 4 vertices

® Vectors express position of vertices
with respect to joint (at origin)

® How to translate link geometry to
new location!?

'=x+d

r =X -

y =y+d
CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org
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(X,;:'j,>

2D Translation Matrix

DA dv)
x’ r + d, 1 0 d,| |z
vl =|y+d,| =10 1 d,| |y
(dody) |1 1 0 0 1 1

® Requires homogeneous coordinates
® 3D vector of 2D position concatenated with a |
® A plane at z=/ in a three dimensional space

® Matrix parameterized by horizontal and vertical
displacement (dy, dy)
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Checkpoint

 What is the 2D matrix for a translation by [-1,2]7

CSCI 5551 - Spring 2024
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1 0 —1] [-3

=0 1 2 2
0 0 1 1
p(-1,2)
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Rigid motions and
Affine transforms

® (Consider a link for a 2D robot with a A
box geometry of 4 vertices

® Vectors express position of vertices
with respect to joint (at origin)

® How to both rotate and translate link
geometry!? "

® Rigid motion: rotate then translate

® Affine transform: allows for rotation,
translation, scaling, shearing, and reflection
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Composition of Rotation and

Translation
' 1 0 dg| [cos(f) —sin(f) Of |z
y| =10 1 d,| [sin(d) cos(fd) Of |y
<y p | 1 0 0 1 0 0 1] |1

homogeneous rotation

¢ dx; ‘
R '(\dj)‘ nabrix
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L 0 2 3

0 0 1 1
D(-1,2)R(90°)
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Homogeneous Transform:
Composition of Rotation and Translation

'’ } 'cos(@) —sin(0) dx} r}
y'| = |sin(f) cos(@) d,| |y
x4 1

R::_l 073—1
=%
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Homogeneous Transform

defines SE(2): Special Euclidean Group 2

Roo Ro1 dg

R d

H p— Rl() Rll dy p— [012X22 21X1]
X

0 0 1
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Homogeneous Transform

defines SE(2): Special Euclidean Group 2

o o1 G Roxo daxi
1 = |[Rp ft1 dy| = 010 1
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Homogeneous Transform

defines SE(2): Special Euclidean Group 2
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Homogeneous Transform

defines SE(2): Special Euclidean Group 2

‘dyyg € R
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Example:
| et’'s put an arm link on Boxy
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BoxXy the robot
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BoxXy the robot
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Plink

robot frame
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Transform the link frame and
its vertices into the robot frame

Trobot

Probot — 41ink Plink

Plink

robot frame

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org

nk frame
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Transform the link frame and
its vertices into the robot frame

Trobot

Probot — 41ink Plink

Plink
Probot

robot frame

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org

nk frame



http://autorob.org

Roo Ro1 dy
Tior® = |Rio R d,
0 0 1

Can we think about this
frame relation in steps?

A

robot frame

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org
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http://autorob.org

Roo Ro1 dg
TR = |Rio Rii d,
0 0 1

First consider link In its own frame

Transformed frame
for link wrt. robot

‘ >

link frame
M CSCI 5551 - Spring 2024

robot frame
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b Roo Ro1 dy

robot

Tink = = |0 R d?/ Transformed frame
0 0 1 for link wrt. robot

as aligned with robot base frame

link frame robot frame

M CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org
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b Roo Ro1 dy

robot

Tlink — Rlo Rll dy Transformed frame
0 0 1 for link wrt. robot

Rotate link frame by R

link frame . robot frame

M CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org
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b Roo Ro1 dy

robot

Tink = [0 R dy Transformed frame
0 0 1 for link wrt. robot

Translate link frame by d

link frame robot frame

M CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org
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Roo Ro1 dy
T = |Rio R d,

Transformed frame

0 0 1 for link wrt. robot
robot
Probot — fr]ink Plink

Probot

robot frame

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autorob.org
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Why not translate then rotate”
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(' ® | @ csc.lsu.edu/~kooima/courses/csc4356/notes/04-transformation/transformation-cor c C. rotation and translation = ﬁ E u v‘- ) Q

M=R.-T M=T-R
Note the difference 1n behavior.

Translation along x = 1.1
Rotation about y = 140° Q

r4 /\ N
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Can we compose multiple frame
transtorms”?
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Can we compose multiple frame
transtorms”?

Consider the 3 frames of a
planar 2-link robot


http://autorob.org

Frame 2: 02x>y>

Frame 1: o1x1y1
X1

Frame O: o0x(y(
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Rotation matrix Ry 1
Vector d? from origin o1x1y] to 02x2y?2

Frame 2: 02x>y>

\ =

Rotation matrix R10
Vector dq from origin oQxQyQ to 01x1y1

Frame 1: o1x1y1
X1

Frame O: o0x(y(
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A point 1n frame 1 relates to a point in frame O by

and point 1n frame 2 relates to point in frame 1 by

Frame 2: 02x>y>

By substitution ot ;1 into the expression for 0,

a point 1n frame 2 relates to a point in frame O by

Frame 1:
— R

R>V d>0 X

Frame O: o0x0y(
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R d Ry di3 | | RIR} R}d}+d;
0o 1 | 0 1

Frame 2: 02x>y>
Alternatively, relation expressed by composed

transform from frame 2 to frame O as:

where

R>0 = R10R51 Frame 1: o1x1y1

d>0 = R1Vdr1 + 470 X 1

which can be observed by block multiplying

transforms
Frame O: o0x(y(
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— — — — —_

Alternatively, relat
transtform from fra

pV =Rr0p2 + 4
where
R20 — R10R21

- 0 O 1 [ 1 1 - 0 pl
RO & 1[ R, db ROR]

0

ROd) + d°
1

which can be observed by DIOCK muItiplying

transforms

DA

—

R larget
current

Rotation Matrix that will take a
point in current to the target frame

O0

2: 02x2y)

//1

Frame 1: o1x1y1
X1

X0

CSCI 5551 - Spring 2024

Frame 0: ogxQy(
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How do we extend this to 3D?
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3D Translation and Rotation

1 0 0 dy
ﬁ(dx,dj,dl) 0 1 0 dy 2D rotation in 3D is rotation about Z axis
0 0 1 d, s
0 0 0 1
cos(f) —sin(6) o
R-(@) |sin(60)
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Translation and Rotation

1 0 0 d, 1 0 0 0

0 1 0 d, (0 |0 cos(@) —sin(f) O

0 0 1 d, 0 sin(f) cos(d) O

0 0 0 1 0 0 U 1
cos(f) —sin(f) 0 O cos(fd) 0 sin(d) O
sin(f) cos(d) 0 O 0 1 0 0
0 0 1 0 Ry —sin(f) 0 cos(d) O

0 0 0 1 0 0 0 1

CSCI 5551 - Spring 2024 Slide borrowed from Michigan Robotics autor
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3D Homogeneous Transform

=
E~2 |

| |
o o O

0 0
cos(#) —sin(6)
sin(#) cos(0)

0 0

R<6)

Rotate about each axis in order R = R(©Ox) Ry(©,) R,(O-)

0| [ cos() 0O sin(0)

0 0 1

0| [—sin(f#) 0O cos(6)

1 0 0
Ry(&

CSCI 5551 - Spring 2024

0

0

0|[cos(f) —sin(f) 0 O

0| [sin(f) cos(@) 0 O

) 0 0 1 O

1 0 0 0 1
R-(0)

Slide borrowed from Michigan Robotics autorob.org
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o OO =
S O = O

3D Homogeneous Transform

S = O O

oo O =

- cos(6)
0
—sin(0)
0

_— O O O

~ |Ra3x3
01><3

CSCI 5551 - Spring 2024

sin(6)

cos(6)

O
1 0
0
0 0
d3«1

1

O] |cos(f) —sin(f) 0 O
0| [sin(f) cos(@) 0 O
) 0 0 1 O
|| o 0 0 1
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3D Homogeneous Transform

Roo Ro1 HRoz dy ]
Riop Rin Ri2 dy| |[Rsxs dsxi B
Rog Ry Ry dy| [0O1x3 1 € SE(3)

0 0 0 1

Hs =

Ii Tlo c SE(3) and T21 c SE(3) then composition holds:

"R) & )[Ry di] [ RORY Ry +d -
0 1|l o0 1] ] o 1

such that points in Frame 2 can be expressed in Frame 0 by:

p’ =T7T,p°
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Next lecture:
Representations |
Rotations & Quaternions
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PR2 Fetches Sandwich
from Subway
11 years ago!

Autonomous Subway sandwich delivery
by a PR2 robot,
from the University of Tokyo and TUM

https://www.youtube.com/watch?v=RIYRQC2iBp0


https://www.youtube.com/watch?v=RIYRQC2iBp0

